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@ Motivation, Background

e A New Paradigm

e Back to the 70’s - An Information Theoretic Bound
e Randomness Helps...

e An Optimal Decoder

e Electron-Tomography
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The Nyquist-Shannon Theorem

A bandlimited “signal” (1), t € R, with bandwidth 2B can be
reconstructed exactly from the samples f(kt), 7 < 1/28B, ...

X(f)(w) :_/f(t)e'?”det_o, w|> B, ~
R

xen
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Common features of many signals:

@ ...they are far from bandlimited

@ ...however, they are sparse, i.e. their information content is small
compared with their size

@ ...measurements are difficult/expensive/harmful
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(Information-)Sparse Signals
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“Sparse” Polynomials
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“Sparse” Polynomials
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“Sparse” Polynomials
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The Mathematical Model

@ x = (x1,...,xy)" € RN “large” signal

Candés/Romberg/Tao, Donoho, Gilbert/Strauss/Tropp, Tanner, igpm)\
Rice group, Needell/Vershynin, CDD... h
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j=1
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s N~

~ sensing matrix: & = (¢;))/"",

@ k-sparse vektors: Y = {z € RN : #supp (2) < k}
Question: given y = ®x for an x € ¥x, does there exist a decoder
A:R" = RN suchthat x = A(y), for n~ k < N?

Candés/Romberg/Tao, Donoho, Gilbert/Strauss/Tropp, Tanner, iQM/\r
Rice group, Needell/Vershynin, CDD... -
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Back to Polynomials: py_i(t) = > ¢, i<n< N
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Are n > 2k Measurements Sufficient?...

LEMMA:

Let & € R™N and 2k < n. Then the following are equivalent:
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Let & € R™N and 2k < n. Then the following are equivalent:
(i) 3 A sothat A(Px) = x, for all x € ¥y,
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(iiiy For any set of columns T with #T = 2k, the matrix ¢+ has rank
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Proof of: (i)=(ii): Suppose x € Lok Nker® ~» x = Xy — Xy Where
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Are n > 2k Measurements Sufficient?...

Tk :={z € RY : #supp (2) <k},
ker® = {zc RN : ¢z =0}

LEMMA:

Let & € R™N and 2k < n. Then the following are equivalent:
(i) 3 A sothat A(Px) = x, for all x € ¥y,
(i) ok Nker® = {0},

(iiiy For any set of columns T with #T = 2k, the matrix ¢+ has rank
2Kk.

Proof of: (i)=(ii): Suppose x € Lok Nker® ~» x = Xy — Xy Where
Xo, X1 € L. Since dxg = dxq, () = Xp=Xx3 = x=Xxp— x5 =0.
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Polynomials Form a Descarte System

Are n = 2k measurements sufficient for k-sparse polynomials?
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...yes, all submatrices with 2k columns have full rank

BUT...
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@ how to compute the sparse solution? (decoder)
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A Few Wrinkles...

@ how to compute the sparse solution? (decoder)
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@ BUT... reale signals are not exactly sparse!

Best k-term approximation accuracy would be great:
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A Better Benchmark than Exact Sparse Recovery...
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A Better Benchmark than Exact Sparse Recovery...

k-Term optimality:

Given N, n, how large can k become, so that there exists a
encoder/decoder - pair (¢, A), so that

X = A@X)[l, < Cook(x)ey, ¥ X RN (I0(K))

holds — 2k, &, A?

O'k(X)gp = ziEnLjK X — 2l|e,

Note: x € X4,
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k-Term optimality:

Given N, n, how large can k become, so that there exists a
encoder/decoder - pair (¢, A), so that

X = A@X)[l, < Cook(x)ey, ¥ X RN (I0(K))

holds — 2k, &, A?

O'k(X)gp = ziEnLjK X — 2l|e,

Note: x € X4, IO(k) = A(Px)=x
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A Better Benchmark than Exact Sparse Recovery...

k-Term optimality:

Given N, n, how large can k become, so that there exists a
encoder/decoder - pair (¢, A), so that

X = A@X)[l, < Cook(x)ey, ¥ X RN (I0(K))

holds — 2k, &, A?

O'k(X)gp = ziEnLjK X — 2l|e,

Note: x € ¥, I0(k) = A(®x)=x exact reconstruction!
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Guiding Questions

@ What is the maximal optimality range k?
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@ What is the maximal optimality range k?
@ Which sensing matrices ¢ achieve the maximal range?

@ How to develop k-term optimal decoders?
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Maximal Optimality Range k? - back to the 70's

THEOREM:

|
[x — A(®x)]le, < Co ok(X)e,
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Maximal Optimality Range k? - back to the 70's

THEOREM:
Let K := U(Y) = {x e RV : ||x|l,, <1}

log(N/n) + 1 . !
—————— ~ inf  max|x— A($ < Coma
n (¢,A|)eAn,N ek Ix (®X)lle; < Co xeig(ak(x)lz

= Kk < cyn/log(N/n)

~ Maximal optimality range k < con/log(N/n) (instead of k < n/2)

Gelfand widths: (Kashin, Gluskin/Garnaev)

d"(K)x == inf  sup{||x||x; x € KNnY}

Y:codim Y<n

W. Dahmen (RWTH Aachen) Compressed Sensing 28.10.2011 16/30



Maximal Optimality Range k? - back to the 70's

THEOREM:
Let K := U(Y) = {x e RV : ||x|l,, <1}

log(N/n) + 1 . |
ogN/M+1 ot max x — A@x)], < Comaxox(x)e, < Cok~"/2
n (®,A)e A, v xEK xeK
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A Breakthrough - /{-Minimimization - &, A?

What are good sensing matrices?
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Restricted Isometry Property - RIP(k, §)

(1 =0)lIxlle, < N®xlley < (1 +0)lIX[lep, ¥ X € Tk

THEOREM [CT]: Prakticable decoder— /;-minimization
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THEOREM [CT]: Prakticable decoder— /;-minimization

Let ¢ satisfy RIP(3k,0), decoder: A(y) := argmin {||z||,, : Pz =y}

Uk(x)151
vk

= [[X = A(®X)|l¢, < k-sparse exact
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A Breakthrough - /{-Minimimization - &, A?

What are good sensing matrices?

Restricted Isometry Property - RIP(k, §)

(1 =0)lIxlle, < N®xlley < (1 +0)lIX[lep, ¥ X € Tk

THEOREM [CT]: Prakticable decoder— /;-minimization

Let ¢ satisfy RIP(3k,0), decoder: A(y) := argmin {||z||,, : Pz =y}

X
= [[X = A(®X)|l¢, < 76Xy k-sparse exact

vk

Convex relaxation: min | - ||z, — min || - ||, igpm/|
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A Geometric Explanation-n=1,N=2
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Closely Related: TV-Minimization... - A?

(Candes/Romberg/Tao) i_gpm/\,_
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How to Realize RIP? - Randomness Helps.. - &7

The “Rice - One Pixel - Camera”

image

W. Dahmen (RWTH Aachen) Compressed Sensing 28.10.2011 21/30



Randomness Helps...Concentration of Measure

Property

Gaussian matrices: ¢;; € N'(0,1/n)

igpmy),
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Property

Gaussian matrices: ¢;; € N'(0,1/n)
Bernoulli matricen: ¢;; = +1//n with equal probability
In general: & = ®(w): n x N over a probability space (£2, p)

@ CoMP : For each x ¢ RV, § € (0,1],

2 2 2
[[®(w)x[lz, — X117, | < dllxIIZ,
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Randomness Helps...Concentration of Measure

Property

Gaussian matrices: ¢;; € N'(0,1/n)
Bernoulli matricen: ¢;; = +1//n with equal probability
In general: & = ®(w): n x N over a probability space (£2, p)

@ CoMP : For each x ¢ RV, § € (0,1],

_ 2
pfw: I0@)xI, - IxIIZ,| < 6lixIZ, } = 1 - be~e

CoMP implies RIP(k, 0) for each ¢ € (0, 1] with high probability when
k < con/log(N/n)

Gauf3-, Bernoulli-, uniformly distributed points on the (n — 1)-sphere
satisfy CoMP
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The Norm Matters...

THEOREM: x|, = > [x:

Assume that ¢ satisfies RIP(3k,5) and  A(y) := argming,_, [ 2|,
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Assume that ¢ satisfies RIP(3k,5) and  A(y) := argming,_, [ 2|,
==

I = A(®x)[le, < C(8)ar(X)e,

1/2
THEOREM: |x|l;, = (S 1xf?)

e Foreach (®,A): 1-term optimality Vx € RN — n> aN
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The Norm Matters...

THEOREM: x|, = > [x:

Assume that ¢ satisfies RIP(3k,5) and  A(y) := argming,_, [ 2|,
==

I = A(®x)[le, < C(8)ar(X)e,

1/2

THEOREM: x|, = (Z,-N:1 \X/\Z)

e Foreach (®,A): 1-term optimality Vx € RN — n> aN

e Assume that {®(w)} satisfies COMP. Then 3 A s.t. for each x € RN
with high probability (with respect to .®) one has

X = A(®X)|le, < Cook(X)e,,  k < n/log(N/n)

v
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An Optimal Decoder

(i) Setr® =y, x0:=0,j=0,Ag =Ag =0
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(i) Setr® =y, x0:=0,j=0,Ag =Ag =0

(i) compute r/ := y — ®x/ and set

. : o\
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(i) Setr® =y, x0:=0,j=0,Ag =Ag =0

(i) compute r/ := y — ®x/ and set

. : o\
Fip1 = {/ e{1,....,N}: [{F,é0)| > ||\f/£z2}

It ;s =0 orj =k, stop; output A* = A; and x* := x/.
else /\j+1 = /\j U I'j+1;
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An Optimal Decoder

(i) Setr® =y, x0:=0,j=0,Ag =Ag =0

(i) compute r/ := y — ®x/ and set

, - S||r
o= {1€ (1, Ny 510 ) > 20N )
It ;s =0 orj =k, stop; output A* = A; and x* := x/.
else /\j+1 = /\j U I'j+1;

(iii) compute N )
X = argming,,,,_x, ||<DZ - y”Zz
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An Optimal Decoder

(i) Setr® =y, x0:=0,j=0,Ag =Ag =0

(i) compute r/ := y — ®x/ and set
; ' 31 le
. o . b 2
[ ._{16{17...7N}.|<r7¢,>\2 Tk }

It ;s =0 orj =k, stop; output A* = A; and x* := x/.
else /\j+1 = /\j U I'j+1;

(iii) compute N )
X = argming,,,,_x, ||¢Z - y”Zz

take X/*' = best k-term approximation of X und A; 1 := supp x/*", set
j+ 1 —Jj, and go to (ii).

igpmy)

28.10.2011 24/30
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Optimality

@ k-Term optimality for ¢, with high probability for the maximal range
of k
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Optimality

@ k-Term optimality for ¢, with high probability for the maximal range
of k

@ Robust with respect to noise

Let o <1/16 and let {® = ®(w)} satisfy COMP. If y = dx + e, then

X = x*[le, < Clok(X)e, + ll€lle),  k < an/log(N/n)

for all draws from Q* C Q of measure at least 1 — N~ where a \,when 3 .
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Optimality

@ k-Term optimality for ¢, with high probability for the maximal range
of k

@ Robust with respect to noise

Let o <1/16 and let {® = ®(w)} satisfy COMP. If y = dx + e, then

X = x*[le, < Clok(X)e, + ll€lle),  k < an/log(N/n)

for all draws from Q* C Q of measure at least 1 — N~ where a \,when 3 .

@ Thresholding is more efficient, but requires smaller §

@ /¢-minimimization/regularization is more robust but more expensive...

igpmy)
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/1-Regularization

ny D @

Y2 || no o, llellg, <n i = Pix + ey
- Yo = Pox + e

igpmy)
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/1-Regularization

!
ny ® e

2 || no 5 llellg, <n Y1 = ®1x+ e
- Yo = ¢2X + €

Q Forj=1,.-. Jsete =227|y|,, and solve

Zj = Argminye, s ), <qllZlle
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!
ny ® e

2 || no 5 llellg, <n Y1 = ®1x+ e
- Yo = ¢2X + €

Q Forj=1,.-. Jsete =227|y|,, and solve

Zj = Argminye, s ), <qllZlle

e Define ]* = Argminj:LM 7J||¢2Zj — y2||(2

v

W. Dahmen (RWTH Aachen) Compressed Sensing 28.10.2011 26 /30




/1-Regularization

!
ny ® e

2 || no 5 llellg, <n Y1 = ®1x+ e
- Yo = ¢2X + €

Q Forj=1,.-. Jsete =227|y|,, and solve

Zj = Argminye, s ), <qllZlle

Q Define j* = Argmin,_; |22 — yo|l¢, and set

X" =A(y) =2z-.

v
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Near Optimal Performance

THEOREM:

For k < n/log(%) one has
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Near Optimal Performance

THEOREM:

For k < n/log(%) one has

IX = X*lle, < Clok(X)e, +277lIx]lg, + ),

with probability larger than 1 — t(ny, no) where

H(ny, np) = Jboe~%"/2 4 by (€™M + e~ 4 g=1M/2)
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Electron-Tomography
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