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Abstract—Given any J x J (J > 3) square matrix over
Zp such that the differences of any two row vectors contain
each element in Z p at most once, a class of (3, L)-regular quasi-
cyclic low-density parity-check codes is explicitly constructed
with lengths P J L2 and girth 12, where L is any integer satisfying
3 < L < J. Simulation results show that the new codes perform
very well for moderate rates and lengths.

Index Terms— Low-density parity-check (LDPC) codes,
quasi-cyclic (QC), circulant permutation matrix (CPM), girth.

I. INTRODUCTION

A low-density parity-check (LDPC) code is defined as
the null space of its sparse parity-check matrix (PCM).
A classical QC-LDPC code [1] is associated with a PCM
consisting of circulant permutation matrices (CPMs) of the
same size P, while a trype-1 QC-LDPC code is associated with
a PCM composed of both CPMs and zero matrices (ZMs) of
the same size P. Compared with classical QC-LDPC codes,
their type-1 counterparts usually enable a larger upper bound
in terms of minimum distance [2], which in turn hopefully
leads to a better decoding performance.

If a PCM has R 1’s in each column and L 1’s in each row,
then the associated LDPC code is called (R, L)-regular.
Girth is the length of the shortest cycles in the
Tanner graph corresponding to a PCM. To the best of our
knowledge, Tanner’s method [3] and Jing’s one [4] are the only
existing ways to explicitly construct (3, L)-regular structured
QC-LDPC codes with girth 12. However, Tanner’s method
only works for classical codes with L = 5 and a prime P,
while Jing’s one only for type-1 codes with a prime P.
In this Letter, we present a novel method to construct type-1
(3, L)-regular QC-LDPC codes with girth exactly 12 for
any P, which naturally includes Jing’s method as a special
case.

Our method is based on a type of J x J matrix over
Zp in which the differences of any two rows do not contain
repetitive elements. Obviously, such matrices can be directly
used to construct (J, J)-regular QC-LDPC codes free of
4-cycles (if the fact that the rate is most often zero is not
considered). From such matrices, column-weight-rwo LDPC
codes with girth 12 can be constructed by the approach
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in [5], while our method enables column-weight-three type-1
QC-LDPC codes with girth 12.

II. CONSTRUCTION

The M P x NP PCM H for a classical or type-1 QC-LDPC
code with length NP can be determined by its correspond-
ing M x N exponent matrix E and the CPM size P [6].
Precisely, when H is generated from E, the element oo within
E corresponds to a P x P ZM and any other element (say e)
corresponds to a P x P identity matrix with rows cyclically
shifted to the right by e (mod P) positions. Denote by g(E, P)
the girth of the Tanner graph associated with an exponent
matrix E and the CPM/ZM size P.

A. A Class of Exponent Matrices

In this Letter, we investigate a special type of exponent
matrices E which can be viewed as an array of matrices as
follows:
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where S, W and ooq are all J x J2 matrices, and C, (0 <
u < J—1)1is a J? x J? matrix. Therefore, E is a
3J2x J3 matrix. To be specific, (i) S is a J x J array defined by

Sy  o01 001
o001 §q o]

S = . , (@)
00] 001 Sy

where ooy is a 1 x J matrix of oo’s, and S; is a 1 x J
matrix denoted by [sj o sj,1 -+ sjy-1l, for 0 < j < J —1;
(i) Wis a 1 x J array of Wy’s, i.e. W = [Wo, Wy, -+, W],
where Wy is a J x J matrix with 0’s on the main diagonal
and oo’s otherwise; (iii) oog is a J x J? matrix composed of
o0’s; (iv) C, (0 <u <J —1)is aJ x J array defined by

D(T°(Sw)) 00, 002
002 D(T'(Sw)) 002
) : (3
(o0} o, 0)) D(Tlil(su))

For any vector X = [xg, X1, --- ,x7_1], T*(x) denotes x with
elements cyclically shifted to the left by k (mod J) positions,
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Fig. 1. All types of possible 8-cycles.
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Denote the r-th element in the diagonal of D(x) by D(x)(r),

0 <r < J—1. Finally, coj is J x J matrix composed of co’s.
From the above construction, it is obvious that E can be

uniquely determined on the basis of the following matrix:

So 50,0 50,1 50,71
| S 51,0 ST e S1,U-1
B= ) = ) } . ) NG
Ss-1 SJ-1,0 SJ—1,1 SJ—1,0-1

Let & and ® denote modulo-J addition and modulo-J
multiplication, respectively. From the above definitions, it is
easily seen that D(T*S.))(r) = Suyrok, 0 <u,r,k <J—1.

Remark 1: The profile of E (Equ. (1)) is motivated by Jing’s
work ( [4], Fig. 3); however, our method for the core matrices,
Sand C, (0 < u < J — 1), is completely new. As will be
seen later, one of the advantages of new method over Jing’s
one is that, the former allows any P, but the latter requires a
prime P.

B. Girth Property

Theorem 1: 1f g(B, P) > 6, then g(E, P) = 12.

Proof: (1) Obviously, independent of B, 4-cycles and
6-cycles are impossible due to the special structure (Equ.l)
of E. (2) For possible 8-cycles, there are only three patterns
as shown in Fig.l1. (2a): For the 8-cycle in Fig.1 (upper,
i < jiyr <t), we have (s;y —0) + (0 —s;,)+ (s;; —0) +
(0 —sis) =0 (mod P), thatis, (s;r — ;) + (8j.r — Si,r) =
0 (mod P). This equation suggests a 4-cycle in the Tanner
graph associated to B, which contradicts g(B, P) > 6.
(2b): The 8-cycle in Fig.1 (middle, r < f;u < v) can be
expressed by (si,r — Su,r@i) + (So,rei — Si,r) + (Si,r — Sv,1@i) +
(Su,r@i — Si,r) = 0 (mod P), equivalent to (sp,r@i — Su,rei) +
(Sur@i — Svr@i) = 0 (mod P). This equation implies a
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Fig. 2.  Two types of possible 10-cycles.
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Fig. 3. A pattern of inevitable 12-cycles.

4-cycle in the Tanner graph associated to B, which is impos-
sible as g(B, P) > 6. (2c): The 8-cycle in Fig.1 (lower,
i < j;u <o) can be denoted by (0 — sy, r@i) + (Sv,rei —0) +
0 —svrej) + Surej —0) = 0 (mod P). This equation is
equivalent to (S, r@i —Su,r@i)+ Su,rej —Sv,r@;) = 0 (mod P),
which suggests a 4-cycle in the Tanner graph associated to B,
in contradiction with g(B, P) > 6. (3) For 10-cycles, there
are only two possibilities as shown in Fig.2 (i < j;r < t;
u < v); however, both cases fail to enable a closed path, which
is irrelevant to B. (4) Independent of B, there are inevitable
12-cycles as shown in Fig.3 (i # j; r <1).

III. SOME OPTIONS FOR MATRIX B

Lemma 1: Let d,, = max{d; ;,0 <1i,j < J—1,i # j},
where d; j = max{siy —sjx,0 <k <J — 1} +max{s;p —
six,0 <k’ <J—1}. If g(B, Q) > 6 for some fixed integer
Q (Q may be 00), then g(B, P) > 6 for any P > d,, + 1.

Proof: We give a proof by contradiction. Suppose there
exists a cycle of length 4 within i-th and j-th rows, and r-th
and z-th columnsof B(0 <i # j <J—-1,0<r#t<J-1)
for a certain CPM size P > d,, + 1. Then, this cycle can be
expressed as (s;,, —S;j,)+(sj,;—Si,r) = 0 (mod P). As —d; ; <
(Siyr =87, )+ (sj,e—Sir) < di,j, and (si,r—Sj,r)+(sj,c—5ie) # 0
(otherwise there exists a 4-cycle for the CPM size Q), we have
(ir —Sjr)+(sjt —8i¢) # 0 (mod P) forany P >d;; + 1.
Therefore, P > d,, + 1 is sufficient for avoiding all cycles
within B.

A. Method 1: Array Construction

Let J be an odd prime integer. The J x J matrix By, is
defined by By (i,7r) =i ®r for 0 <i,r < J — 1.
Theorem 2: For P = J, g(Bgsr, P) = 6 [7]; and, for any
P>2J -3, gBy, P) > 6.
Proof: 1t is readily seen that d,, = dj -1 =[(J — 1) —
1N+[(J—1)—11=2J —4. As gByr, P = J) = 6 and
dpm = 2J — 4, the proof is completed due to Lemma 1.



B. Method 2: Cyclic Construction

Let J be an arbitrary integer larger than 2. The
J x J matrix By, is defined by Beyc(i, 7) = ar—i(moa J) for
0<i,r<J-—1,whereay=k(k—1)/2for0<k<J—1.

Lemma 2: Forany 1 <k <J-2,if0<i <j<J—-1—k,
then ajy —a; > aiyk — a;.

Proof: By definition, if j +k < J —1,thenaj —a; =
[+ (+k—1)—j(j—1]1/2 = k(k—1)/2+kj. Therefore,
(aj+k —aj) — (@itk —a;) = k(j —i) > 0 for j > i.

Theorem 3: (1) For any J > 2 and P > 3(J — 1)2/4,
g(Bcyc, P) > 6; and (2) for any odd prime J, g(B¢yc, P) > 6
for P =J.

Proof: Due to Lemma 2 and the cyclic structure of By,
it is easily seen that there exist no 4-cycles for P = oo, i.e.,
g (Bcyc, 00) > 6. Now, we consider the lower bound, d,.

(la) J even. do,1 = (aj—1 — aj—2) + (aj—1 — ao), dop =

(aj—1—aj-3)+(aj-1—ar), -, do,y2—1 = (@j-1—aj—j2)+
(aj—1—aypp-2),doyp = (aj—1—ajp-1)+@-1—asp-1),
do,jpp+1 = (aj—1 —ajp-2)+(aj—1 —ajzp), -+, do,j—2 =
(aj—1—a))+(aj-1—ayj-3),doj—1 = (aj—1—ao)+(aj_1 —
aj-2).

Since do,1 = do,j—1 < do2 =do g2 < --- <dojp-1=
do,j 21 < do,g2, WE have d,,, = do,y2 = 3J(J —2)/4.
(1b) J odd. do,1 = (aj—1 —aj—2) + (aj—1 — ao), do2 =

(aj—1 —aj-3) + (aj-1 — ar), ---, do,y—1)2 = (as-1 —
a-n)+aj—1—ay-3,2),do,+1)2 = (@aj-1—ay-32)+
(aj—1—ag-12),---,do,j—2=(aj-1—a))+(aj-1—ay-3),
do,j—1 = (aj—1—ao) + (aj—1 —aj-2).

Since do,1 =do,y-1 <dop=do,j—2 <--- <do-1np2=
do,(7+1y/2, we have dy, =do (j-1)2 =[3J(J —2) — 1]/4.

(2) J prime (P = J): For 0 <i,r < J —1, Boc(i,r) =
(xJ —i+r)xJ —i+r+1)/2, where x € {0, 1}. Suppose
i1 and i are two distinct row indexes (0 < iy, i < J—1), and
Jj1 and j, are two distinct column indexes (0 < ry,rp < J—1).
If there exists a cycle of length 4 in the two rows and two
columns, then this cycle can be expressed as (x;J — i1 +
@ —ir+r —=1)/2 = (xJ —ia +r1)x2J —iz+r —
1)/24(x3J —ix+r)(x3J —iz+r2—1)/2— (x4 —i1+12) (x4 —
i1r+r —1)/2 =0 (mod J), where x1, x2, x3 and x4 € {0, 1}.
Arranging terms, we have (i1 —iz)(r;—r1) = 0 (mod J), which
is impossible as 0 < |i1 —is| <J —=1,0< | —r|<J -1
and J is prime.

Remark 2: From the above analysis, it is obvious that B,
and B.,. are more general than original array construction
(P prime) [7], in terms of J and P.

Remark 3: 1f J is an odd prime integer and B = B,,,, then
sir =1 Q@r and s, rgr = u ® (r ® k). Therefore, in this case,
the proposed construction is reduced to Jing’s method [4].
However, Jing’s method only works for a prime J, while our
new method is applicable for any J, if a J x J matrix B exists
such that g(B, P) > 6 for some integer P.

IV. CODES WITH LENGTH OF PJL2

The QC-LDPC codes directly obtained from E only possess
a length of the form J3P. To enable a flexible length while
still maintain the regularity of row/column weight, we present
a simple procedure applied to E.

Algorithm 1 A List of Columns to be Deleted
DS =@ num =0
for j=1toJ
fork=1toJ
num = num + 1
if M(j,k)=0
DS = DS Unum
end
end
end
DS =0
fori=0to L—1
DS, = DS, U{DS + J?i}
end
DS =DS, U{l+J2L,2+J?L,---,J3)
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Fig. 4. Target matrix E' obtained by deleting the columns indexed by

DS, and the resultant rows only including co’s (the grey bars are the deleted
columns/rows). M(1,2) = M(2,3) = M(3,4) = M(4,5) =M, 1) =0.

(Step 1): Let M be an arbitrary J x J matrix composed
of 1’s and 0’s, where each row/column has L elements of
I’s, 3 < L < J. (Step 2): Given E and M, the following
Algorithm 1 can be employed to obtain a list of columns to
be deleted.

(Step 3): Delete all the columns (from 1 to J3) indexed by
DS, from E. Denote the resultant matrix by E;. Then, delete
each row which only includes oo’s. The resulting matrix is
our target matrix, E’.

From the algorithm and the illustration above (Fig.4), it is
readily observed that (i) the regular (constant) row weight of
the first part of E’ is ensured by the constant row weight of
mask matrix M; (ii) the constant row weight of the second part
of E’ is ensured by the constant column weight of M; and
(iii) the constant row weight of the last part of E’ is guaranteed
by the same deletion manner for the first L column blocks and
the complete deletion of the last J — L column blocks.

Therefore, the derived exponent matrix E’ corresponds to a
(3, L)-regular code with length P J L? and girth at least twelve.
It should be pointed out that, the number of information bits
for the proposed QC-LDPC code from E' is slightly larger
than PJL(L — 3), due to some dependent rows of PCM.

V. SIMULATIONS

In this section, several examples are given to demon-
strate the decoding performance of the new proposed
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Fig. 5. Performance comparison of type-1 code (P = 11) from method 1,
the classical code (P = 566) in [8] and the random PEG code [9].
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Fig. 6.  Performance comparison of type-1 code (P = 7) from method
2 combined with mask matrix, the classical code (P = 306) from [8] and the
random PEG code [9].

girth-12 type-1 QC-LDPC codes. For comparison purpose
the state-of-the-art (the largest girth and the smallest length)
classical QC-LDPC codes are chosen as long as they are
available. The sum-product algorithm (SPA) decoding (with
50 iteration) of BPSK modulated signals over AWGN channel
are assumed.

Example I: On the basis of B, with / =7 and P = 11,
a (3, 7)-regular type-1 QC-LDPC code is generated with
girth 12. For comparison, the (3, 7)-regular girth-12 classical
QC-LDPC code with P = 566 in [8] is selected, and a random
PEG-LDPC code [9] with column weight of three is generated.

Example 2: An exponent E is obtained from By, with
J =7 and P = 7; by using a 7 x 7 mask matrix M with 0’s in
diagonal and 1’s otherwise, E’ is obtained, which corresponds
to a (3,6)-regular type-1 code with girth 12 and length 1764.
The girth-12 classical code with P = 306 in [8] and a random
PEG-LDPC code with column weight of three are generated
for comparison.

Example 3: From B.y with / = 6 and P = 25,
a (3, 6)-regular type-1 QC-LDPC code is obtained with
girth 12 and length 5400. The (3, 6)-regular girth-12 classical
QC-LDPC code with P =900 [10] and a random PEG-LDPC
code with column weight of three are chosen as counterparts.

From Figs. 5-6, we observe that, while the proposed
type-1 codes possess shorter lengths, they outperform some
state-of-the-art (with the shortest lengths and the largest
girth 12) classical QC-LDPC codes. This can be partly
explained by a larger upper bound in terms of minimum
distance for type-1 codes compared with that for classical
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Fig. 7. Performance comparison of type-1 code (P = 25) from method 2,
the classical code (P = 900) from [10] and the random PEG code [9].

codes [2]. Besides, the two type-1 codes perform slightly
better than the famous PEG-LDPC codes for such lengths.
From Fig. 7, we see that the type-1 code outperforms the
classical QC-LDPC code with girth 12 [10] in a higher SNR
region; and it has a reasonably good performance compared
with its PEG counterpart, in the sense that the type-1 code is
highly structured and hence enables a relatively simple decoder
hardware.

VI. CONCLUSION
From any J x J matrix without two identical differences
(mod P) between any two rows, a novel class of (3, L)-regular
QC-LDPC codes is proposed with girth exactly 12 and length
PJL? for any 3 < L < J. The comparison of type-1 codes
from By, and B¢y is a further research problem in the
future.
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