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Abstract—This paper is concerned with dynamic resource
allocation for heterogeneous downlink in orthogonal frequency
division multiple access (OFDMA) systems. First, this paper
formulates the resource allocation problem when one terminal
may demand both non-real time (or best effort) transmission
and real time transmission over the downlink simultaneously.
We consider the constraint on the total transmission power of
the base station for both types of services and the constraint
on the rate requirement of each terminal for a real time
transmission. To solve this problem, an efficient instantaneous
per-symbol method with dual optimality is proposed based on
the convex optimization framework. Compared to the exhaustive
search, simulations show that the performance degradation of our
method is limited to 0.002% of the optimal solution, when an
OFDMA system consists of more than 16 subcarriers. Therefore,
this paper illustrates that it is not computationally prohibitive to
optimally solve the resource allocation problem for heterogeneous
transmission over OFDMA downlink.

I. INTRODUCTION

To efficiently combat the effects of frequency selective
fading for high-speed wireless data transmission, the transmis-
sion band is divided into orthogonal subcarriers in OFDMA
systems. If the bandwidth of subcarriers is sufficiently narrow,
the subcarriers are subject to flat fading with different channel
gains, detailed in [1]. To take advantage of the spatial diver-
sity among terminals, OFDMA can allocate power and rate
optimally to subcarriers depending on channel characteristics.

Services over OFDMA downlink can be generally classified
into two groups according to different quality-of-service (QoS)
requirements of the terminals. One is the rate-adaptive (RA)
service, for which the throughput is maximized subject to the
constraints on the fixed total transmission power at the base
station and bit error rate (BER) required by each terminal.
The other is the margin-adaptive (MA) service, for which the
performance margin can be maximized while satisfying data
rate and BER requirements of the terminals. The resource
allocation problem for the RA services has been first studied in
[2], [3]. Later, the minimum rate constraints or the proportional
rate constraints are additionally considered in [4]–[6]. The
methods in [7]–[10] respectively provide optimal, near-optimal
and suboptimal solutions to the resource allocation problem for
the MA services.
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However, both groups of services may be required simul-
taneously over OFDMA downlink. A trade-off relationship
exists between the subcarrier assignment and the power al-
location for this case. If we assign more subcarriers to the
MA services, more power could be kept for the RA services,
but they would only have a few available subcarriers and may
not have a large rate achievement, and vice versa. For the
resource allocation for such heterogeneous transmission, the
heuristic method from [11] gives a suboptimal solution by
considering two consecutive steps. First, power and rate for
the MA services are allocated, then, the remaining resources
for the RA services. By using a similar procedure, [12]
provides the suboptimal solution by performing greedy search
over subcarriers. Dual optimal solutions may be obtained by
the method suggested in [13]. Its complexity is sup-linearly
increasing in the number of subcarriers, which is supposed to
be very large in future communication systems.

In this paper, we investigate the resource allocation problem
where the RA and MA services are demanded by terminals,
even by one terminal, at the same time. We solve this problem
by using the dual method, which has been applied to the
resource allocation problem, e.g., [14]–[18]. We propose an
efficient method to update the dual variables (Lagrange mul-
tipliers) to find the optimal values. Furthermore, we extend
our method to solve the resource allocation problems for
heterogeneous transmission, when the rates for the RA services
are lower bounded or restricted by proportional rate con-
straints. The remainder of this paper is organized as follows.
In Section II, the problem is formulated. In Section III, we use
the duality theory to solve the resource allocation problem for
heterogeneous transmission in OFDMA systems. Simulation
results show that the duality gap becomes insignificantly when
the number of subcarriers is large enough. Finally, the content
of this paper is concluded.

II. PROBLEM FORMULATION

We consider the downlink of an OFDMA system with one
base station and K mobile terminals over N subcarriers. The
transmission to different terminals is subject to independent
frequency selective fading. Perfect channel knowledge is avail-
able at the base station and all terminals, so that they can
perform resource allocation simultaneously and notification
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of power and rate assignments is not necessary. A resource
allocation scheme must satisfy two QoS requirements: rate and
BER requirements. The uncoded modulation scheme of M -ary
quadrature amplitude modulation (M -QAM) is employed.

In the considered system, a terminal k may require an
MA service with an individual data rate Rk and BER(MA)

k ,
meanwhile, it may also require an RA service with BER(RA)

k .
Generally, BER(RA)

k for the RA service is lower than BER(MA)
k

for the MA service. Let H (MA)
k,n and H (RA)

k,n denote the chan-
nel gain-to-noise ratio (CNR) of subcarrier n multiplied
with

[
−1.5/ ln(5BER(MA)

k )
]

and
[
−1.5/ ln(5BER(RA)

k )
]

for
the MA and RA services of terminal k [19], respectively. The
power and rate allocated to subcarrier n for terminal k are
denoted by P (RA)

k,n and r(RA)
k,n for the RA service and P (MA)

k,n

and r(MA)
k,n for the MA service. As shown in [1] the following

relations hold:

r(MA)
k,n = log2(1 + P (MA)

k,n H (MA)
k,n ),

r(RA)
k,n = log2(1 + P (RA)

k,n H (RA)
k,n ).

The aim is to maximize the total transmission rate for
the RA services while satisfying the data rate and BER
requirements for the MA services. The optimization problem
can be stated as

maximize
K∑

k=1

N∑
n=1

r(RA)
k,n (1)

subject to

C1:
N∑

n=1

r(MA)
k,n ≥ Rk, ∀ k,

C2:
K∑

k=1

N∑
n=1

(P (MA)
k,n + P (RA)

k,n ) ≤ P (tot),

C3: P (RA)
k,n ≥ 0, ∀ k, ∀n,

P (MA)
k,n ≥ 0, ∀ k, ∀n,

C4:
N∑

n=1

r(RA)
k,n r(RA)

l,n = 0, ∀ k, l, k �= l,

N∑
n=1

r(MA)
k,n r(MA)

l,n = 0, ∀ k, l, k �= l,

N∑
n=1

r(RA)
k,n r(MA)

l,n = 0, ∀ k, l.

The total transmission power of the base station is limited
to P (tot). Constraint C4 illustrates that each subcarrier is not
allowed to be shared among different terminals and services
at the same time. To allow for theoretical analysis, continuous
rates are considered throughout this paper. The sets of powers
are denoted by {P (RA)

k,n } = {P (RA)
k,n |∀ k, n} for the RA services

and {P (MA)
k,n } = {P (MA)

k,n |∀ k, n} for the MA services. Here, we
does not consider the minimum or proportional rate constraints
for the RA services, which may impair the generality of our
solution. Later, they will be taken into account.

III. DYNAMIC RESOURCE ALLOCATION FOR

HETEROGENEOUS TRANSMISSION

To make the above problem feasible, the minimal sum of
transmission power for the MA services must not be larger
than P (tot), while the RA services are not required. Once the
subcarrier assignment is determined for one service of one
terminal, the power and rate allocation can be obtained by
water-filling [1]. Multilevel water-filling from [7] can provide
the optimal solution to the problem (1). However, (2K)N

searches have to be performed to find the optimal combination
of subcarrier assignments for different services and terminals.
Its overall complexity is O(N(2K)N ), which makes it not
implementable in practice. In this section, the dual method
is applied to solve problem (1). It has been widely used on
other problems of resource allocation for OFDMA systems
or multiuser multiple-input and multiple-output systems, for
example, [14]–[18]. However, to the best of our knowledge, it
has not been applied to problem (1), where one terminal may
require both types of services simultaneously.

A. Duality Gap for Nonconvex Optimization

Duality theory has been generally explained in [20] and
specified for resource allocation problems in [16]. First, we
only consider the first two constraints C1 and C2 but not C3
and C4. According to the Karush-Kuhn-Tucker conditions, the
Lagrangian of problem (1) is defined as

L(λ, β, {P (RA)
k,n }, {P (MA)

k,n })

= −
K∑

k=1

N∑
n=1

r(RA)
k,n +

K∑
k=1

λk(Rk −
N∑

n=1

r(MA)
k,n )

+β

(
N∑

n=1

K∑
k=1

(P (MA)
k,n + P (RA)

k,n ) − P (tot)

)
, (2)

where λ = (λ1, . . . , λK)T and β are the Lagrange multipliers.
Then, the dual optimization problem is

maximize D(λ, β) (3)

subject to λ � 0

β ≥ 0,

where the dual objective D(λ, β) is defined as an uncon-
strained minimization of the Lagrangian, shown as

D(λ, β) = min
{P (RA)

k,n },{P (MA)
k,n }

L(λ, β, {P (RA)
k,n }, {P (MA)

k,n })

=
K∑

k=1

λkRk − βP (tot)

+ min
{P (RA)

k,n },{P (MA)
k,n }

N∑
n=1

K∑
k=1

(βP (MA)
k,n − λkr(MA)

k,n︸ ︷︷ ︸
ak,n

+βP (RA)
k,n − r(RA)

k,n︸ ︷︷ ︸
bk,n

).
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Since the power variables {P (RA)
k,n } and {P (MA)

k,n } are separable
over subcarriers, we obtain that

D(λ, β) =
K∑

k=1

λkRk − βP (tot)

+
N∑

n=1

min
{P (RA)

k,n },{P (MA)
k,n }

K∑
k=1

(ak,n + bk,n).

The objective of the primal problem is concave. Hence,
the optimal duality gap of (1) is the sum of the primal and
dual optimal solutions, and it must be non-negative. If we
allow for time-sharing subcarriers among different services
and terminals, the concavity of the objective function and
the convexity of constraint C1 and C2 in (1) guarantee that
the duality gap is equal to zero, which means strong duality,
see Theorem 1 in [16]. However, this is not permitted in the
considered system while taking constraint C4 into account, so
problem (1) is not a convex optimization problem and may
not have strong duality, i.e., the duality gap may not be zero.

Then, due to C4, the power allocated to one subcarrier for
at most one service of at most one terminal may be positive.
Thus, the dual objective changes to

D(λ, β) =
K∑

k=1

λkRk − βP (tot)

+
N∑

n=1

min
(

min
k

ak,n,min
k

bk,n

)
, (4)

where min(a, b) = a if a ≤ b, and vice versa.
Given λ and β, ak,n and bk,n are convex functions of P (MA)

k,n

and P (RA)
k,n , respectively. The minimum to ak,n and bk,n can be

found by taking the derivative over P (MA)
k,n and P (RA)

k,n , shown
as

P (MA)
k,n =

[
λk

β ln 2
− 1

H (MA)
k,n

]+

, (5)

P (RA)
k,n =

[
1

β ln 2
− 1

H (RA)
k,n

]+

, (6)

where constraint C3 is considered and [x]+ = max(x, 0).
The water levels are the terms λk/(β ln 2) and 1/(β ln 2).
Consequently, we have non-positive

ak,n =
λk

ln 2
− β

H (MA)
k,n

− λk log2

(
λkH (MA)

k,n

β ln 2

)
, (7)

bk,n =
1

ln 2
− β

H (RA)
k,n

− log2

(
H (RA)

k,n

β ln 2

)
, (8)

where ak,n is decreasing in λk, and both ak,n and bk,n are
increasing in β.

By taking (7) and (8) to (4), subcarrier assignments to
different services and terminals can be settled provided fixed λ
and β. When λ and β changes, subcarrier assignments vary
consequently. Obviously, this may cause a discrete change on

the transmission power. Hence, the dual objective D(λ, β)
may not be continuous at the optimal Lagrange multipliers λ∗

and β∗. This does not satisfy the condition for strong duality,
see Theorem 2 in [16]. However, we will see that the duality
gap becomes smaller for increasing N later on.

B. Efficient Updating Method

From the above subsection, the Lagrange multipliers λ
and β are the key to find the dual optimal solution to (1).
Compared to the subgradient method, as an example for the
cutting-plane method, the ellipsoid method can update λ and β
more efficiently. First, it localizes the optimal values λ∗ and β∗

in a closed and bounded region. Then, at the center of the
region, evaluation of the gradient or subgradient of D(λ, β)
and shrinking the region are iteratively performed. The region
continues shrinking until it converges to λ∗ and β∗.

Given λ and β, {P (MA)∗
k,n } and {P (RA)∗

k,n } minimize (2) to

D(λ, β) = L(λ, β, {P (RA)∗
k,n }, {P (MA)∗

k,n }). For any λ′ � 0 and
β′ ≥ 0, it follows that

D(λ′, β)≤D(λ, β) +
K∑

k=1

(λ′
k − λk)

(
Rk −

N∑
n=1

r(MA)∗
k,n

)
,

D(λ, β′)≤D(λ, β)+(β′−β)

(
N∑

n=1

K∑
k=1

(P (MA)∗
k,n +P (RA)∗

k,n )−P (tot)

)
,

see Proof in [17].
If we perform the ellipsoid method over λ and β, the region

containing their optimal values has to be found as earlier
mentioned. Due to the heterogeneous constraints C1 and C2,
the initialization for such a region given in [16] does not fit
our problem and it has the complexity of O(KN). To simply
and intuitively initialize the ellipsoid method, we perform it
over the water levels and make the following substitution:

y =
1

β ln 2
and xk =

λk

β ln 2
, ∀ k.

From (5) and (6), on one side, the water levels x and y must
not be smaller than the reciprocals of the corresponding largest
CNRs. On the other side, for the MA service of terminal k,
the highest water level could be achieved when the required
rate Rk is allocated only to the subcarrier with the smallest
CNR. The water level y for RA services could reach the
maximal value, if all transmission power P (tot) is allocated only
to the subcarrier with the smallest CNR among all terminals.
Hence, the following inequalities always hold

min
n

1
H (MA)

k,n

≤ xk ≤ 2Rk max
n

1
H (MA)

k,n

, ∀ k (9)

min
n,k

1
H (RA)

k,n

≤ y ≤ P (tot) + max
n,k

1
H (RA)

k,n

, (10)

which defines the initial region containing the optimal water
levels for the ellipsoid method.
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After such a replacement, the Lagrangian (2) becomes

Ls(x, y, {P (RA)
k,n }, {P (MA)

k,n })

= −
K∑

k=1

N∑
n=1

r(RA)
k,n +

K∑
k=1

xk

y
(Rk −

N∑
n=1

r(MA)
k,n︸ ︷︷ ︸

ck

)

+
1

y ln 2

(
N∑

n=1

K∑
k=1

(P (MA)
k,n + P (RA)

k,n ) − P (tot)

)
︸ ︷︷ ︸

cK+1

,

where x = (x1, . . . , xk)T .
Given x and y, {c∗k} = {c∗k| ∀ k ∈ {1, . . . ,K + 1}}

minimize (2) to Ds(x, y) = Ls(x, y, {c∗k}). On one hand, for
any x′ � 0, we have

Ds(x′, y) ≤ Ls(x′, y, {c∗k})

= Ls(x, y, {c∗k}) +
K∑

k=1

Δxk
c∗k
y

,

where Δxk = x′
k − xk. On the other hand, for any y′ ≥ 0, it

follows that

Ds(x, y′) ≤ Ls(x, y′, {c∗k})
= Ls(x, y, {c∗k}) + Δyd,

where Δy = y′ − y and

d = − 1
y2 + yΔy

(
K∑

k=1

xkc∗k +
1

ln 2
c∗K+1

)
.

If Δy is small, it holds that

d = − 1
y2

(
K∑

k=1

xkc∗k +
1

ln 2
c∗K+1

)
.

Since Ls(x, y, {P (RA)
k,n }, {P (MA)

k,n }) is convex, its subgradient is

g = −(
c∗1
y

, . . . ,
c∗K
y

, d)T .

With (9), (10) and the above subgradient, the ellipsoid method
can be performed to solve our resource allocation problem.

C. Complexity Analysis and Extension

The initial region, defined by (9) and (10), is not so tight
as the ones in [15]–[18]. However, this only impairs the
converging speed of our method slightly due to the exponential
shrinking behavior of the bounded region in the ellipsoid
method as earlier illustrated. The number of iterations while
performing the ellipsoid method is proportional to i2, where i
denotes the number of variables [21]. In each iteration, (7)
and (8) must be calculated 2KN times. The overall complexity
of the proposed method is O(2KN(K + 1)2) � O(2K)N .
This means that our method can be used in the small wireless
networks, where a small number of terminals exist or the
channel does not vary very fast. Further, our method provides
a reference for designing low-complexity heuristic methods

solving our resource allocation problem, where the exhaustive
search cannot be used for large systems.

In previous works [11]–[13] on the heterogeneous transmis-
sion, it is assumed that one terminal requires only one service
at a specific period of time. To fit such a problem, we set
Rk = 0 for k ∈ R, where R is the set of terminals only requir-
ing the RA services, and set P (RA)

k,n = 0 for k ∈ M, where M
is the set of terminals only requiring the MA services. Then,
the dual optimal solution can be acquired by performing the
ellipsoid method over the |M| + 1 water levels.

When the minimum rate constraints
∑N

n=1 r(RA)
k,n ≥ Mk,∀ k

for RA services are additionally considered in problem (1),
the term

∑K
k=1 γk(Mk −∑N

n=1 r(RA)
k,n ) would be added to the

Lagrangian (2). The rate for the RA service of terminal k
is lower bounded by Mk. The new Lagrange multipliers are
{γ1, . . . , γK}. The duality theory, the substitution and the
initialization of the search region described in the above two
subsections can still be used to perform the ellipsoid method
in order to find the dual optimal solution. Then, the complexity
increases to O(2KN(2K + 1)2).

If the proportion of the achieved rates for the different RA
services must be equal to φ1 : . . . : φK , the objective of
problem (1) can be rewritten as W

∑K
k=1 φk and constraints∑N

n=1 r(RA)
k,n = Wφk are considered. Non-negative-definite W

is the normalizer of the achieved rates for the RA services and
is monotonically increasing in P (tot). It can be upper bounded
by the following procedure intuitively. First, all subcarriers are
assigned to each RA service. Then, W must be smaller than
maxk

(∑N
n=1 r(RA)

k,n /φk

)
. The complexity of this procedure is

O(KN). The bisection method can be used to find the dual
optimal W . Given W , the duality theory and the ellipsoid
method can be used to solve the following problem [17]

minimize
K∑

k=1

N∑
n=1

(P (MA)
k,n + P (RA)

k,n )

subject to
N∑

n=1

r(MA)
k,n ≥ Rk, ∀ k,

N∑
n=1

r(RA)
k,n = Wφk, ∀ k,

P (RA)
k,n ≥ 0, ∀ k, ∀n,

P (MA)
k,n ≥ 0, ∀ k, ∀n,

N∑
n=1

r(RA)
k,n r(RA)

l,n = 0, ∀ k, l, k �= l,

N∑
n=1

r(MA)
k,n r(MA)

l,n = 0, ∀ k, l, k �= l,

N∑
n=1

r(RA)
k,n r(MA)

l,n = 0, ∀ k, l.

When |P (tot) −∑N
n=1

∑K
k=1(P

(MA)
k,n + P (RA)

k,n )| ≤ ε, ε ∈ (0, 1)
is satisfied, the bisection search finishes.
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Fig. 1. Rate achievement vs. number of subcarriers.

IV. SIMULATION RESULTS

In this section, our method is compared to the multilevel
water-filling from [7]. The expected rate achievement, the du-
ality gap and the mean square error (MSE) of the water levels
are recorded. The frequency selective channel is modeled as
consisting of Q=8 taps with an exponentially decaying profile,
given by the impulse response h(t)=

∑Q−1
q=0 e−qαhqδ(t − qT ).

The taps hq are jointly independent, circular symmetric,
complex Gaussian distributed with zero mean and variance 1.
Time T is the tap interval, q the tap index, α the positive
decaying exponent, and t the time index. The expected CNR
on each subcarrier is set to 5 dB. Due to the high complexity of
the multilevel water-filling, we only consider a small OFDMA
system with 8 to 16 subcarriers to keep N ≥ Q. MA services
with BER(MA) =2.55×10−3 in Table I and RA services with
BER(RA) = 2.63×10−4 are required. The total transmission
power at the base station is limited to 12 dB. A number
of 25 000 channel samples are generated for each simulation.

Fig. 1 gives the rate achievement for the RA service with
different α in two cases. One is that both services are required
by a single terminal, and the other is that these two services
are demanded by two terminals separately. Stronger frequency
selectivity, due to a smaller α, enlarges the diversity of CNRs
across subcarriers and among terminals. Consequently, the rate
achievement is enhanced. Given the same α, larger channel
diversity among the two terminals leads to a larger rate
achievement compared to the single-terminal case.

Although the MSE of water levels for the case of two ter-
minals is smaller than that for the single-terminal case, shown
in Fig. 2, the duality gaps normalized by the achieved rates

TABLE I
MA SERVICES IN THE SIMULATION SYSTEM

type Proportion Rate [bits/OFDM symbol]
Video service 10% 4
Data service 40% 2
Audio service 50% 1
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Fig. 2. MSE of water levels vs. number of subcarriers with α = 0.5.

have an inverse behavior drawn in Fig. 3. To explain this, we
roughly divide subcarriers into a good set with higher CNRs
and a bad set with lower CNRs for each service. For the case
of a single terminal, two services have exactly the same good
and bad sets, which means that there is no channel diversity
between services. The gaps between the optimal subcarrier
assignment and other subcarrier assignments must be very
large. In other words, relatively good suboptimal subcarrier
assignments are very few. Even given bad suboptimal water
levels, the best subcarrier assignment may still be chosen.

On the contrary, when the RA and MA services are sepa-
rately demanded by two terminals, services have different good
sets and bad sets of subcarriers due to the channel diversity
between terminals. This results in more relatively good sub-
optimal subcarrier assignments. Even when the water levels
provided by the ellipsoid method are only slightly different
from the optimal ones, the optimal subcarrier assignments
may not be derived. From Fig. 3, it can be deduced that
more than 99.998% of the optimal rate would be allocated
while N > 16 holds in our simulation.
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Fig. 3. Duality gap vs. number of subcarriers with α = 0.5.
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V. CONCLUSION

In this work, the resource allocation problem for hetero-
geneous transmission in OFDMA systems has been generally
formulated. To solve this problem, a dual optimal method has
been proposed by using the duality theory and the ellipsoid
method. Its complexity is linearly increasing in the number
of subcarriers and is much lower than that of the exhaus-
tive search. Moreover, it has been extended to provide the
dual optimal solutions, when the minimum rate constraints
or the proportional rate constraints for the RA services are
additionally considered. It offers a bench mark for evaluating
low-complexity heuristic methods giving suboptimal solutions
to our problem, when the high-complexity exhaustive search
cannot be used. It is possible to use the proposed method in
the OFDMA systems with a small number of terminals or
with slow fading channels. In our simulation, 99.998% of the
optimal rate could be achieved when systems consist of more
than 16 subcarriers. In practice, a large number of subcarriers
would make the solution given by our method even closer to
the optimal one.
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