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Abstract—In this paper, we present a general analytical
framework for the exact mutual information (MI) cumulants
of multiple-input multiple-output (MIMO) systems with perfect
receiver channel state information (CSI) and no transmitter
CSI. Our derivation is based on a recent parameterization of
the joint ordered eigenvalue probability density function (PDF)
[1], that encompasses both uncorrelated/semi-correlated Rayleigh
channels as well as uncorrelated Rician channels. In addition,
we extend our framework to account for the cumulants of
doubly-correlated Rayleigh channels and also to deduce tractable
expressions in the high Signal-to-Noise ratio (SNR) regime. The
cumulants are particularly useful to study all high-order statistics
(HOS) of the MI; in fact, they can be used to express the MI
mean and variance as a finite sum of determinants. Qur analytical
expressions are then validated via Monte-Carlo simulations with
the attained accuracy being excellent in all cases.

I. INTRODUCTION

In the first contributions on MIMO systems, the prevalent
model was the independent and identically distributed (i.i.d.)
Rayleigh fading model [2]. However, this model is often ac-
knowledged to be invalid due to either the insufficient spacing
between the antenna elements or the limited amount of angular
spread, with both phenomena leading to correlated fading.
Moreover, a deterministic Line-of-Sight (LoS) component may
also be present, in which case the channel matrix entries are
more effectively modeled via the Rician distribution. In the
following, we will separately consider the effects of correlation
and a LoS component. Henceforth, we assume that the receiver
has perfect CSI while the transmitter has no CSI. It is then
meaningful for the transmitter to isotropically allocate the
available power among all the transmit antennas. In this case,
exact expressions and tight bounds have first been derived
for the i.i.d. Rayleigh channel [2], followed by results for
the semi-correlated [3]-[8] and doubly-correlated Rayleigh
channels [9]-[11]. The mean MI has also been studied in
limiting cases, either in terms of antennas or SNRs [12]-[17].

The study of MIMO Rician channels is more recent and the
exact mean MI was derived for uncorrelated channels in [18],
[19], but only for the case when the LoS component is either
rank-1 or full-rank with distinct LoS eigenvalues. For corre-
lated Rician channels, only bounds are available for arbitrary
number of antennas [20]-[24], while some asymptotic results

have been provided for infinitely large number of antennas
in [15], [25].

The MI moment generating function (MGF) for doubly-
correlated Rayleigh channels was derived in [9]-[11], while
the moments were obtained, via the cumulants, by means of
the trace of polymatrices in [10]. For the uncorrelated Rician
case, the MI MGF was given in [11], [19], [26], while the MI
non-centered moments of the uncorrelated Rician case were
derived in [27] via the unordered eigenvalue PDF.

The main contribution of this paper is to capitalize on a
recent framework in [1], in which the joint ordered eigenvalue
PDF was derived for uncorrelated/semi-correlated Rayleigh
and uncorrelated Rician MIMO channels, and formulate a
novel generic framework for the cumulants, for which no
closed-form expressions have been reported. By applying this
framework in the high-SNR regime, we also derive new sim-
plified approximating formulas for the MI statistics. Moreover,
we extend the proposed framework to the case of doubly-
correlated Rayleigh channels.

In general, the MI cumulants, ,,, are particularly insightful
for the MI statistics: the first cumulant is equal to the mean, the
second to the variance, while the third and fourth cumulants
give the skewness v; and the kurtosis ~s, respectively, via
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The distribution of the MI has been shown to converge to
the Gaussian distribution when the number of antennas at both
sides grows large under Rayleigh/Rician fading and, more
importantly, the Gaussian approximation has been shown to
hold even for small number of antennas [6], [19], [20], [25],
[26], [28], [29]. The skewness and the kurtosis are inherently
interesting because they can be used to test the Gaussianity
of a repartition. Indeed, a zero skewness means a symmetric
repartition (a positive skewness means a larger right tail),
while a zero kurtosis means that the peakness and the tails
are identical to those of a Gaussian distribution. Moreover, the
cumulants of the Gaussian distribution k,, are zero for n > 2,
thus offering another test for the Gaussian approximation.

The remainder of the paper is organized as follows: In Sec-
tion II, we introduce the expression for the instantaneous MI
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and the considered channel models. In Section III, we derive
the generic analytical framework for the MI cumulants and
also present the extension to the doubly-correlated Rayleigh
case and the high-SNR regime. A set of numerical results is
given in Section IV, while Section V concludes the paper.
Notations : The symbol (-)T represents the Hermitian trans-
pose operation, tr(-) yields the matrix trace, and |- | represents
the determinant. In some cases, we will write the determinant
of a matrix A in terms of its (7, j)-th elements (e.g. as |a; ;).

The symbol L denotes “distributed as”, while ~ will be
used for asymptotic notation. A Vandermonde determinant is
defined as A(x) = |x§_1 , E[] denotes the expectation, and
0;,; is the Kronecker symbol, equal to 1 if ¢ = j and O if
i # j. log denotes the logarithm with base 2.

II. SYSTEM MODEL
A. Mutual Information Expression

We consider a MIMO system with ng receive antennas and
nr transmit antennas which can be effectively characterized
by the MIMO channel matrix H € C™*"T, We also define

A . A .

s = min(nr,nr), t = max(nr,nr) and the instantaneous
MIMO correlation matrix W € C**# according to

N {HHT, if ng < nr o

~ |HH, if ng > nr.

Clearly, the matrix W has s real, non-negative eigenvalues
AL > Ao > ... > A > 0 which are concatenated into the
vector A = (A1, ..., As). Then, the instantaneous MI is given
(in bits/s/Hz) by [2]

7 £ log

I, + 7W‘ = log (H(l + ’yc)\z)> 3)
T =1

with v being the physically measured SNR at each receiving

antenna while . = ~y/nr.

B. MIMO Channel Models and Wishart Matrices

In the following, we will characterize the distribution of the
matrix W for different MIMO fading channel models. In all
cases, the channel is normalized such that E[tr(W)] = nng.

1) Rayleigh Fading: In this model, there is no LoS com-
ponent and the channel is assumed to be doubly-correlated.
For the sake of simplicity, we assume the correlation at the
receiver and the transmitter to be separable (or the Kronecker
model [3], [20]), and the channel matrix then reads as

1 1
H-$2H,%? @)

where H,, < CN (0,1) (i.i.d. Rayleigh fading matrix), while
3’r and Xt are the correlation matrices at the receiver and the
transmitter, respectively. We further introduce

) N ER, ifnkgnT » N ET, ifnRgnT (5)
TS, ifnr>nr 0 | Sk, if ng > 0

The ordered eigenvalues of ¥ and 32, are respectively defined
as o5 = (051, . .,O’S,S)T and oy = (op1,- .. ,atyt)T, and are
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taken all equal to one, when the fading at the associated end
of the link is uncorrelated, or all distinct. The case of some
identical eigenvalues can be tackled by taking the limit in the
involved expressions but its study is beyond the paper’s scope.

If both 33 = I, and ¥y = I,, the fading is said to be
uncorrelated Rayleigh. Then, W follows an uncorrelated cen-
tral Wishart distribution with ¢ degrees of freedom, commonly
denoted as W & CWs(t,15).

If 3¢ = I, i.e., correlation occurs only on the side with
the minimum number of antennas, the channel is said to be
min semi-correlated Rayleigh. As such, W is semi-correlated
central Wishart denoted as W < CW,(t, Xs).

If ¥5 = I, i.e., correlation occurs only on the side with
the maximum number of antennas, the channel is said to be
max semi-correlated Rayleigh. We then need to redefine W by
switching the two cases in (2) such that the matrix W becomes
of size t x t and semi-correlated central pseudo-Wishart (rank-
deficient), denoted as W < PCW,(s,X:) [30, Def. 2.3].

2) Uncorrelated Rician Fading: In this model, a deter-
ministic LoS component, Hy, is present while the random
component is uncorrelated. The channel model then reads as

K, 1
H=, H +,/——H
K1 TV 110w ©

where K, is the Rician K-factor which represents the ra-
tio between the power of the deterministic component and
the scattered waves, and Hj satisfies the power constraint
tr (H{HL) = nrngr. We can now define the scaling factor

e =1/y/K, + 1 and the non-centrality matrix £ € C*** as

_[KHH], if g <np o
| KH{H, if ng > nr
with real eigenvalues w = (wi,...,w,)!, and wy; > ... >

ws > 0. Then, W is uncorrelated noncentral Wishart or
w L CWs(t, eI, Q). To stay consistent with previous stud-
ies, we also define S = e~ 2W 4 CW;(t,1s,€) and consider
the distribution of the eigenvalues of S hereafter. Henceforth,
for the Rician case we will use 7.c2 instead of v, and the
distribution of S instead of W in the MI expression (3).

If the matrix € is of arbitrary rank L and all its positive
eigenvalues are distinct, we denote it as the arbitrary rank-
L case. This case clearly particularizes to the most important
cases of Rician fading, i.e., L = 1 for the rank-1 case and
L = s for the full-rank case. If the LoS eigenvalues are all
identical and equal to w, then €2 is a scaled identity. The latter
case, which will be referred to as the optimized LoS MIMO
case, occurs when the antenna arrays at both ends are designed
to satisfy the design criterion of [31, Eq. (28)].

III. GENERIC FRAMEWORK FOR THE MI CUMULANTS

In this section, we derive analytical expressions for the
MI MGF and cumulants for different fading scenarios whose
joint ordered eigenvalue PDF can be expressed via the useful
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Table T
JOINT EIGENVALUE PDF OF COMPLEX WISHART MATRICES: PARAMETERS AND NORMALIZATION CONSTANTS
Fading scenario K &(x) {®(x)}i,5 {¥(x)}i,;
. 1 t—s,— i—1 i—1
Uncorrelated Rayleigh [1] NONO) T %e™ % z; T;
Ty
- - p 1 t— i—1 i
Min semi-correlated Rayleigh [1] INCRINGIAE A z; e s,
—=;
. t—s—1 .
Max semi-correlated Rayleigh [6], [30] m 1 xzil o, js e%ti, ifi<s
s J;T*l, ifi>s
— e (92) R N ) oF1(t — s+ Lywixy), ifi<L
Rank-L LoS uncorrelated Rician [33] = 3 <1;S_Ls(fLL>> (—Da("1)e t=se—w 2t 1 P
(=) Ty " hicicj<rn (wj—wi) J ﬁ, if i > L
Optimized LoS Jated Rician [26 (z1)se—tFr t=se—w i1 TP (t— i+ 1w
ptimized LoS uncorrelated Rician [26] WO x e z; =1L 1(t—1i+ ,wxj)

parameterization of [1]. More specifically, the latter reads as
falx) = )| Hf () ®)

where the (i, 7)-th element of the s x s matrices ®(x) and
W(x) is defined as ¢;(x;) and 9;(x;), respectively. In the
case of max semi-correlated Rayleigh fading, ¥(x) is of size
t x t and its (4, j)-th element can not be expressed as ¥; ().
The extension of the generic framework to this modified case
will be presented in Corollary 1. Please note that this case was
briefly discussed in [1], but not explicitly studied.

The parameters K, £, ®(x) and ¥(x) for the above
mentioned fading scenarios are summarized in Table I, where
oF1(:;+) denotes the standard generalized hypergeometric
function defined in [32, Eq. (9.14.1)], and ',,,(n) = [~ (n—
i)!. For the sake of readability, we have introduced (—1),, =
( —1)"("_1)/ 2 which represents the signature of the permuta-
tion o(j) = n—j+1forj = 1,...,n. Note that the PDF of the
doubly-correlated Rayleigh case can not be written as in (8),
but only as an infinite sum of terms written as (8), which fits in
the more general framework of [30]. However, this expression
is not practical to derive the MI cumulants since it does not
lend itself to analytical manipulations. Nevertheless, it will be
demonstrated in Theorem 3 that, by using the MGF expression
given in [10], it is possible to derive the cumulants in a similar
manner as with the general framework.

A. MGF and Cumulants for Arbitrary SNR

Theorem 1: Let the joint ordered PDF of the eigenvalues
of W be given according to (8), then the MI MGF reads

dmar(h) = K|A(R)] ©)
with A(h) € R**® defined as

o0
Whis= [ w1+ e e (10)
0
Proof: Using (8) and the definition of the MGF yields

31/ / H(l“‘%xz)hf)\(x)dx
=1
K[> [ s
=/ [t T e + iz, 12

K[®(x)[[®(x

Y

(bMGF

For (11), we have used the fact that the joint ordered
eigenvalue PDF is s! times the unordered one. Substituting
(8) into (11) and thereafter using the integral identity [5, Eq.
(51)], we can obtain the desired result. [ |

Theorem 2: Let the joint ordered PDF of the eigenvalues
of W be given according to (8), the n-th cumulant &, of the
MI is given by

n! 3 (Cnl o 1)' n |A_|(£) my
= _ (-1 Gn—l
fin %: Y A g 17

(13)
with ¢, = >, my. We have defined )~ as the sum over all
the n-uples (mq,...,my,) € N which satisfy ZZ:l Imy =

n, and |A|() as a short-hand notation for |A(h)|¥)],—o with
A(h) defined in (10). |A|® is then given by
A[© —Z\{A} 5| (14)

with {A}gf;) a short-hand notation for {A(h)}g’;)| h—0, which
can be expressed as

(A7) = / " () (wE(w) (log(1 + v’ du (15)

and ), , the short-hand notation to denote the summation over
the multi-index k* = (ky,..., k) € N¢ Vi, k; € {1,...,s}.
Finally, the function a;(+) is defined as a;(k’) = 2571 6kM

Proof: Using the Faa-di-Bruno formula for the n-th
derivative of a composite function, we obtain

Ko = log(dmar(R)) ™ | h=0

| n Alh (gl mye
et (4)
(G =D (1AL
_Znu My ! C 1 |A|{n H( /! )
(16)

=1
The proof concludes by recalling the well-known result for
the ¢-th derivative derivative of a determinant, that is

|A(h)‘([) _ Oét(k )

\{A (17

with >, , defined in Theorem 2. [ |
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In particular, the mean MI, E[Z], is obtained by using n = 1
in (13) and yields

E[Z] =K |A (18)
=1
with Ay, € R*** defined as
AY. . ifi=/(
{Ae}ij = (AL o (19)
{A}i,ja if ¢ 75 £

In the following, we consider the case in which the ordered
joint PDF is written under the form (8) with ®(x) € R%**
and {®(x)}; ; = ¢;(x;), but the definition of the matrix ¥(x)
is slightly different. This case can be encountered in a max
semi-correlated Rayleigh fading channel.

Corollary 1: Let the joint ordered eigenvalue PDF be given
by (8) but ¥ be of size ¢t x ¢t and defined as

~ Yi(x;), ifi<s
U - 2
{ (X)}z,] {wi,ja ifi>s. ( 0)
The MGEF is then given by
dmce(h) = K|A(R)] 1)

with A(h) € R¥*! defined as

fooo (bz(u)wj(u)f(u)(l + ’ycu)hdu, ifi<s
Vi, ifi>s.
(22)

{A(h)}iy = {

The cumulants are then given by (13) and (14) with

{K}(n) _ {IOOO ¢i (u)¢J (u)g(u) (log(l + ch))n du’ ifi<s
J wi,ja if © > s.
(23)
Proof: For the MGF, we can apply [10, Eq. (41)] with A
as in the proof of Theorem 1. The derivation of the cumulant
is then similar to Theorem 2 because the appended rows at
the bottom of the matrix ¥(x) do not depend on h. [ |
As was previously mentioned, the case of doubly-correlated
Rayleigh MIMO channels admits a similar solution for its MI
MGF and cumulants. The corresponding expressions are given
by the following theorem:
Theorem 3: The cumulants of the MI in the case of doubly-
correlated Rayleigh channels are equal to

+Y e G D <|K|“>>m"
Kn = Cn m !....mn! - " ~
— |A|¢n P !
(24)
with ¢, = (=1)*(n—1)!35_ ¢~ =1, ¢, = S0 my and
v—1 {mg = n. Moreover, the matrix A € R*** is defined as

—5— s—1 (vc0s,i0t,5 k .
(A, = {Uij Ys=1I300, 7@(3_16_1)!) , fori <s
W=

;35_1, for s <1 <t,
N (25)

while the derivative |A|() is given by
(26)

A0 =3 ‘{K}E(;L"(kl))
Kk’ 7
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where the matrix A(®) € R%t is defined as

(A} = {

In the above, we have introduced the function

o_t—‘s—l s—1 _ .
T 3o CREGT k), fori<s

i—s—1 .
t , for s < i <t.

P S ~ Pk Us.j;l‘tj
G (k) _/0 (log(1 + veu))” u*eivi du. (27)
The summations ) and ) .., and the function «;(-) are
defined as in Theorem 2.
Proof: The proof is similar to the proof of Theorem 2
though starting from the MGF expression in [10, Eq. (6)]. &

B. Generic Framework for the MI Cumulants in the High-SNR
Regime

In the high-SNR regime, the MI in (3) is approximated as

T ~ slog(7y.) + log [W]. (28)

For the doubly-correlated Rayleigh MIMO channels, the MI
is further simplified in the high-SNR regime according to

T ~ slog(ve) + log | 2| + log [HX,HT| . (29)

Clearly, the centered moments (and the cumulants) are inde-
pendent of the correlation matrix 33 which only creates a
shift in the MI. Therefore, we can compute the cumulants for
3 = I, and extend the results to the case when 3, # I by
adding the shift due to 3 in the mean MI according to (29).

Corollary 2: Let the joint ordered PDF of the eigenvalues
of W be given according to (8), the MGF of the MI is
approximated in the high-SNR regime by

dmcr(h) ~ Ky A (h)| (30)
with Ao (h) € R®*¢ defined as
AWy = [ oty gwutdn. )

As a consequence, the n-th cumulant x,, of the MI is approx-
imated in the high-SNR regime by

I e iR s AV O L
Kn ~ Slog(fyc)élvn+2m1!4..7nn! |[Aso|Cm H 1l
— !

=1

(32)
and the /-th derivative of |A,(h)| obtained via
(oo} o ¢
Al =S| [ 61w w)é(w) o)™ .
ke 170
(33)

Proof: Proof follows by taking ~. large in Thms 1-2. ®

C. Analytical Expressions

The doubly-correlated Rayleigh channel has been discussed
in Theorem 3 and the results for the other fading scenarios
are obtained by substituting the parameters of Table I in
Theorems 1 and 2. More importantly, the final expressions
can always be written in closed-form by using the integral
formulas given in [19, Appendix A], and for the high-SNR
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Figure 1. Analytical, high-SNR approximation and simulated MI mean for

different Rician MIMO configurations (K, = 3 dB).

approximation, the integral expressions for the Gamma func-
tion and its derivatives. Due to space constraints, the resulting
closed-form expressions can not be given here.

As an insightful example, we now present the exact mean
MI expression for uncorrelated Rayleigh MIMO channels,
consistent with the expressions presented in [8], [19], followed
by the high-SNR approximation,

€ne 22:1 |A|
Ly (t)Ls(s)

22:1 ‘Aoo,€|
Ly(t)Ts(s)

with A, € R®*¢ and A, € R®*® respectively defined as

E[7] =
(34)

E[Z] ~ slog(ve) + (Ve — 00)

D(t—s+j+i—1) T B, (L), ifi=¢
{AF}'L,]: ( 5+]+Z ) /=1 e(.‘{c) 1 Z
D(t—s+j+i—1) Jif i £ 4
(35
IMVt—s+j+i—1), ifi=1¢
{Asctiy = ( j+i-1), ifs (36)
Ft—s+j+i—1), ifi#/L

where E¢ (z) £ [ u ‘e ""du is the exponential integral
function.

IV. SIMULATION RESULTS

In this section, the theoretical analysis is validated via
Monte-Carlo simulations. To this end, we have generated
200,000 realizations of the random matrix H according to
the system model in Section II. A full-rank Rician MIMO
system with K. = 3 dB is considered for different number of
antennas, ng = nr = n with n = 2,3,4,5.

The MI mean and variance are plotted in Fig. 1 and 2, where
we can observe the linear capacity increase with the number
of antennas [2], [4] as well as that the high-SNR variance
analytical expression is independent of the SNR, which is
consistent with the results in [20], [22], [26]. The MI skewness

5
o
N 4
I
2
2
2
o 3
o
c
g
3
>
S2
1 :
Analytical
® High SNR approx
[ — — — Simulation
0 i i i i i ‘ ‘
0 5 10 15 20 25 30 35 40
SNR v, [dB]
Figure 2.  Analytical, high-SNR approximation and simulated MI variance

for different Rician MIMO configurations (K, = 3 dB).

T T
Analytical

I — — — High SNR approx

oF ® Simulation

MI Skewness

SNR v, [dB]

Figure 3. Analytical, high-SNR approximation and simulated MI skewness
for different Rician MIMO configurations (K, = 3 dB).

and kurtosis are respectively plotted in Fig. 3 and 4, where it
is clearly seen that the skewness and kurtosis tend to zero
as the number of antennas n increases, thereby validating the
common Gaussian approximation [4], [6], [29]. Moreover, the
kurtosis and the skewness are close to zero at low SNR for all
cases, while the values at higher SNR depend largely on the
antenna configuration, and get closer to zero when the number
of antennas increases.

Finally, we can observe an exact agreement between the
simulations and the analytical results in all cases considered.

V. CONCLUSION

In this paper, we have derived a generic analytical frame-
work for the MI cumulants, which enables us to explore not
only the MI mean and variance but also its HOS such as the
skewness and the kurtosis. The proposed framework is valid
for uncorrelated/single-sided correlated Rayleigh channels and
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Figure 4.  Analytical, high-SNR approximation and simulated MI kurtosis

for different Rician MIMO configurations (X, = 3 dB).

arbitrary-rank uncorrelated Rician channels, and has been
extended to the case of doubly-correlated Rayleigh channel.
Moreover, we have used the framework to get simple high-
SNR approximations for the MI cumulants.

Our numerical results demonstrate an excellent match be-
tween theory and Monte-Carlo simulations, and give valuable
insights into the influence of the model parameters on the
HOS, as for example the interesting variation of the skewness

and

kurtosis in terms of SNR. The proposed framework is

further used to test the common Gaussian approximation for
the MIMO MI as a function of the number of antennas.
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