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Solution to Exercise 21.

Let a be a primitive element (PE) modulo n, i.e.,

7 ={a*,a?, ..., a*™ \.

=1=aqa°
There exists a PE modulo n as Z7 is cyclic. Let j € {1,...,p(n)} and b = ¢’ mod n.
Then,

b is a primitive element modulo n
&b £ 1 (modn), Vk=1,...,0(n) =1 A b*™ =1 (modn)
& a* # 1 (modn), Yk=1,...,¢0(n)—1 A @™ =1 (modn)
= a/* # a° (modn), Vk=1,...,p(n) — 1
& jk #Z0(mode(n)), Vk=1,...,p(n) — 1, cf. exercise 24
& ged(f, p(n)) = 1. (1)

Proof of :

"=" Assume ged(j, p(n)) =c¢> 1

o

(w(n)) = on) - L = 0 (modp(n)),

but jk # 0(mod p(n)), Vk € {1,...,¢(n) — 1} is a contradiction.
7«<" Assume ged(j, o(n)) = 1:
= j is invertible modulo ¢(n)
= 3l €Z:jl=1(mode(n)).
Assume: jk = 0(mod p(n)) for some k € {1,...,¢(n) — 1}
=10-0= l\j/k (mod p(n))

=1

=0 = k(modp(n)),

But 0 € {1,...,o(n — 1)} and hence this is a contradiction.
Thus, jk # 0 (mod p(n)) is necessary.



e Altogether, @’ is a primitive element modulo n < ged(j, ¢(n)) = 1.

e The number of primitive elements modulo n is equal to:

{7 e{L...,o(n) = 1} [ ged(j, ¢(n)) = 1} = @(p(n)). U



