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Principle Component Analysis (PCA).

Samples: x1, . . . ,xn ∈ Rp,
Samp. mean: x = 1

n

∑n
i=1 xi,

Samp. covariance: Sn = 1
n−1

∑n
i=1(xi − x)(xi − x)

T ,
Spec. decomposition: Sn = VΛVT

Λ = diag(λ1, . . . , λp)
with λ1 ≥ · · · ≥ λp
V = (v1, . . . ,vp) ∈ O(p).
Snvi = λivi

Projection: x̂i =

vT1
...

vTk

xi, i = 1, . . . , n

Q =
∑k
i=1 viv

T
i .

Marchenko-Pastur(MP) and Spike Model.

p, n→∞, pn → γ ∈ (0, 1]

MP density: fγ(u) =
1

2πσ2uγ

√
(b− u)(u− a), a ≤ u ≤ b

a(γ) = σ2(1−√γ)2 and b(γ) = σ2(1 +
√
γ)2

Spike Model: Cov(X) = Ip + βvvT

If β ≤ √γ:
|〈vmax,v〉| → 0, λmax → (1 +

√
γ)2

If β > √γ:
λmax → (1 + β)(1 + γ

β ), |〈vmax,v〉| → 1−γ/β2

1−γ/β .

Multidimensional Scaling (MDS).

Dissimilarity matrix: ∆ = (δij)1≤i,j≤n
− 1

2En∆(2)En = Vdiag(λ1, . . . , λn)V
T

MDS embedding: X∗ =

[√
λ+1 v1, . . . ,

√
λ+k vk

]
∈ Rn×k.

Diffusion Maps.

Transition Matrix: wij = Kε(‖xi − xj‖)
W = (wij)1≤i,j≤n, deg(i) =

∑
j wij

D = diag(deg(1), . . . ,deg(n)),
M = D−1W
S = D1/2MD−1/2 = VΛVT

M = D−1/2VΛVTD1/2 = ΦΛΨ

Diffusion map: φt(i) =

λ
t
1φ1,i
...

λtnφn,i

 , i = 1, . . . , n

Linear Discriminant Analysis (LDA).

System parameters: B =
∑g
l=1 nl(xl − x)(xl − x)T .

W =
∑g
l=1 XT

l ElXl,
Disc. vector a: dominant eigenvector of W−1B
Disc. rule: |aTx− aTxl| < |aTx− aTxj |

for all j 6= l.

Gaussian ML Discriminant Rule.
ML rule: minimizes the Mahalanobis distance:

(x− µl)TΣ−1(x− µl).
ML for two classes: αT (x− µ) > 0,

α = Σ−1(µ1 − µ2) and µ = 1
2 (µ1 + µ2).

k−means clustering.

Problem: min
S1,...,Sk
µ1,...,µk

k∑
l=1

∑
i∈Sl

‖xi − µl‖,

Lloyd’s algorithm: Iterate:
Step 1: Given µ1, . . . ,µk find clusters:
l = argminj ‖xi − µj‖,
Step 2: Given clusters find µ1, . . . ,µk

Spectral clustering.

Algorithm: Step 1: compute the diffusion map:

φt(i) =

λ
t
1φ1,i
...

λtnφn,i

 , i = 1, . . . , n

Step 2: run k−means clustering on φt(vi)

Support Vector Machines (SVM).

The optimal margin classifier:

min
a∈Rp, b∈R

1

2
‖a‖2

s.t. yi
(
aTxi + b

)
≥ 1, i = 1, . . . , n.

Non-separable case:

min
a,b,ξ

1

2
‖a‖2 + c

n∑
i=1

ξn

s.t. yi(a
Txi + b) ≥ 1− ξi i = 1, . . . , n

ξi ≥ 0 i = 1, . . . , n.

The dual problem:

W (λ) = max
λ

n∑
i=1

λi −
1

2

∑
i,j

yiyjλiλjx
T
i xj

s.t. 0 ≤ λi ≤ c
n∑
i=1

λiyi = 0.

Kernels:

φ :Rp → V
K(xi,xj) = φ(xi)

Tφ(xj)



Linear regression.

X =

1 xT1
...

...
1 xTn


y = Xϑ+ ε

ϑ? = (XTX)−1XTy.

1-dim. regression: yi = ϑ0 + ϑ1xi + εi, i = 1, . . . , n
ϑ?1 =

σxy

σ2
x
,

ϑ?0 = y − ϑ?1x,
σ2
x =

1

n

∑
i

x2i − x2

σxy =
1

n

∑
i

xiyi − x.y

Logistic regression.

hϑ(x) =
1

1 + e−ϑ
Tx

Likelihood: L(ϑ) =

n∏
i=1

hϑ(xi)
yi(1− hϑ(xi))1−yi ,

Log-likelihood: l(ϑ) = logL(ϑ),
Objective: max

ϑ∈Rp+1
l(ϑ),

Update rule: v
(k+1)
j = v

(k)
j + α

n∑
i=1

(yi − hϑ(k)(xi))xij .

Perceptron algorithm.

hϑ(x) = g(ϑTx)

g(z) =

{
0 z < 0

1 z ≥ 0.

Update rule: v
(k+1)
j = v

(k)
j + α

n∑
i=1

(yi − hϑ(k)(xi))xij .


