Help-sheet for Fundamentals of Big Data Analytics

Principle Component Analysis (PCA).

Samples: X1,...,X, € RP
Samp. mean: X= 71L Zl 1 xZ7
Samp. covariance: Sy =23 (% —X)(xi — x)",
Spec. decomposition: S, = VAVT
A= dlag(/\l,...,/\ )
with Ay > --- > A,
V= (vla avp) € O(p)
SnVi = )\ivi
vi
Projection: %= :|x i=1...,n
Vi
Q = Zizl VzV;T
Marchenko-Pastur(MP) and Spike Model.
p,n— 00, b=y €(0,1]
MP density:  fy(u) = 5=/ (b—u)(u—a), a <u<b
Toluy
a(7) = 02(1 = y7)* and b() = o2(1 + \/7)?
Spike Model:  Cov(X) =1, + fvv’
Ifp </
‘<Vmaxav>| - 07 >\max - (1 + ﬁ)2
If 3>/
_ 2
Ao = (14 B)(1+ 3), |(Vanaws )| = S22

Multidimensional Scaling (MDS).

A = (8ij)1<i,j<n
—1E,APE, = Vdiag(A1,..., A

X* = [\/Evl,...,

Dissimilarity matrix:

MDS embedding;:

Diffusion Maps.

Transition Matrix:  w;; = K.(||x; — x,]|)

W = (wij)1<i,j<n, deg(i) = D ; wy;

D = diag(deg(1),...,deg(n)),
M=D"'W
S =D'/?MD~'/2 = VAVT

M =D '/2VAVTDY? = A ¥
N1
Diffusion map: ¢, (1) = : i=1,....n
Arn,i

Linear Discriminant Analysis (LDA).

B=Y7 nx-%x-%x7.
W =3 XTEX,

dominant eigenvector of W—'B
laTx —a’x;| < |aTx — aTx;]|

for all j # 1.

System parameters:

Disc. vector a:
Disc. rule:

Gaussian ML Discriminant Rule.

ML rule: minimizes the Mahalanobis distance:
(x — ) TZ7Hx = ).
ML for two classes: ol (x — p) >0,
a=3""(py — py) and p = 5(py + pa).

k—means clustering.

Problem:

mmkzz i — g

B sotty, =1 4€S5;
Iterate:

Step 1: Given pq, ..., py, find clusters:
| = argmin [|x; — p,,
Step 2: Given clusters find pq, ...

Lloyd’s algorithm:

s Mg

Spectral clustering.

Algorithm: Step 1: compute the diffusion map:
N
b, (i) = vi=1,...,n
)‘%(bn,i

Step 2: run k—means clustering on ¢,(v;)

Support Vector Machines (SVM).

-The optimal margin classifier:

min fHaHQ
acRp, beR 2

s.t. yi(a Xi—l—b) >1l,i=1,...,n

»)VINon-separable case:
)\:Vk:| € R*F,

1 n
5“3“2 + ngn
i=1

yi(alx; +b) > 1-¢
§>0 i=1,...

t=1,...,n

M.

The dual problem:

- 1
W(}\) = maxz )\i — § Z yiyj)\i)\jx?Xj
A i=1 i,
st. 0 < )‘2 <c

z": Ay = 0.
i—1

Kernels:
¢ RP =V
K(xi,x;) = ¢(xi)" p(x;)



Linear regression.

1 xT
X = :
1 xF
y=X0U9+e€

9 = (XTX)"1XTy.
1-dim. regression: y; =g+ hx;+e€,i=1,...,n
,(9* __ Ozy
17 62>
196 = g - 19’1(55

1
2 2 =2
i
1 __
= ﬁleyz—xy
i

Logistic regression.

1
h - -
ﬁ(X) 1 + e_,,_ng
Likelihood: H o (%)Y (1 — hag ()Y,
Log-likelihood:  I(¥) = log L('l9),
Objective: max (1),
YeRp+1
Update rule: (kH = k) + az — hygw (X4)) ;.

Perceptron algorithm.

he(x) = g(9"x)
o) = {0 2 <0

1 z>0.

Update rule: v§k+1) (k) + o Z — hgon (X3)) 5.



