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Problem 1. (25 points)
Analysis of Multivariate Densities and Mazimum Likelihood Estimation, (26P):

a) The support of fz(z,y) is given by 0 <y <1 and y <x <y+ 1 for a = 1. This leads
to the following sketch.
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b) With 1 = [[ ,,p1s,) f2(z,y) dzdy we obtain

a y+a a 2 1
1:// cdxdy:c/ ady=ca® = c¢=—.
0 Jy 0

a

c) With E(X) = [[ppiss1 @ fz(z,y) dz dy we deduce
1 ry+l 1 1
“X:/o / xdxdyz%/o[(y+1)2—y2]dy=%/0[2y+1]dy=1 = px=1.
y

= E(Z)=; <1>

d) With Cov(X,Y) = [fauppisz1 (T — kx) (Y — py) fz(z,y) dz dy we calculate

Cov(Y,Y) = /01 /yy+l(y—%)2dwdy = /Ol(y—%)2dy = %[(9—5)3]: = % = g =1

and
Cov(X,Y) 01/y+1x—1 y—%)dztdy:%/ol{gf—(y—l)ﬂ (y—%)dy

1 1
1 1
_ 1 d = — = = .
/0 ) Y =022~ 12 012 =021 = 15
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e) With fx(z) = [uppiszy [2(x,y) dy and fy(y) = [uppiyzy [2(2,y) do for the marginal
densities, it follows
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and

y+1

0<y<l: = fly)=[ de=1,

Y

yeR\[0,1]: = fy(y)=0.

f) X and Y are dependent since fz(z,y) # fx(z)fy(y).

g) Putting the substitutes X = aX and Y = aY into the support defined by 0 < y < a and
y <z < y+ a, and dividing by a leads to a normalized support defined by 0 < g <1
and § < & < ¢+ 1 which is the support for the case a = 1. Hence, in the general case
a > 0, the random vector Z is just scaled by a in comparison to the case a = 1. This

leads to
2 2 1
= EZ)=¢ <1> and  Xp=92 (1 1)

for the general case.

h) Since the random vectors Zy, Zs, . .., Z, are IID, the joint density is the multiplication
of all single densities. So the likelihood function is given by

1

aQn

L(a,Z1,Zs,...,Z,) = Hfz(l’z‘,yz‘) =
i=1

i) With the log-likelihood function #(a,Z1,Zs,...,2Z,) = log(L(a, 7,7, ..., Zn)) =
—2nlog(a), we observe that the derivative —2n/a is negative, such that ¢ is strictly
decreasing in a.

j) Since ¢ is strictly decreasing in a, a smaller a leads to a larger ¢. Due to the support of ¢
given by 0 < y; < a and y; < x; < y; + a for all ¢, the parameter a is lower bounded by

y; and x; — y;. This leads to the maximum likelihood estimator a = max {yi, xi — yi}-



Problem 2. (25 points)
Principal Component Analysis, (25P):

a) With x, = L 3" | x;, we obtain

3
)_(4:£ 4444040 _ 3 2\
4 \4—44+8-14 1

T

(% —X)(x; —X)", we obtain

>
s4::<§>(2 3)+—<f%>(2 —5)+—<2?>(—2 7)+—<:§>(—2 =)
<28>+<;% E?>+<:L ;?)+<$ £>
()4 )

c) Since the normalized matrix %84 is symmetric, there are only two Gerschgorin’s circles.
Both circles have the same radius 2 and are located at 4 and 27 on the real line.
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d) The matrix Sy is positive definite, since both Gerschgorin’s circles are strictly located
on the righthand side of the complex domain.

e) The eigenvalues of Sqg are solutions of det(S;or — IN) = 0. This leads to

F4-—A —14

14 llo_A’_(LL—M(HO—A)—l@-_A2—1%M+J341_(HQ—AXlZ—A)_O.

Hence, the diagonal matrix is determined by
112 0
A= < 0 12> '

The eigenvectors Sigx are solutions of Sov = vA. In addition the eigenvectors should
be normalized, i.e., ||[v|]| = 1. We obtain

14 —14 v\ V1 _ 2 2 _
(_14 110) (112) =112 <U2) = wvy=—Tv; and v;+v;=1,



f)

g)

T
which yields the normalized eigenvector (\/% \;7510) for the eigenvalue 112. For the

next eigenvector we only need to swap the entries of the first eigen vector and change

T
the sign of one entry. This leads to the eigenvector (\/% \/%) for the eigenvalue 12.
Putting the eigenvectors together we deduce the matrix

vo (1),

The best projection matrix Q is determined by the first & dominant eigenvectors v;
as QZf;“:1 v; vl where k is the dimension of the image. For a transformation of a

7

two-dimensional sample to a one-dimensional data (k=1), we obtain

1 1 1 1 (1 -7
Q /50 <_7> /50 ( ) 50 <—7 49)
The image of x; is obtained by \/% (1 —7) x; which gives X; = —24,/%.

The residuum -+ max Y 1Qx; — Qx| is equal to the sum % | A(S,,) of dominant

eigenvalues, that is equal to 112 in the present case.



Problem 3. (25 points)
A dataset, consisting of three-dimensional vectors and their respective labels, is given below.

’ Data \ Label \ Data \ Label \ Data \ Label ‘

1 1 —1

x;= |1 =1 |x4=1-1 =2 |xr=11 yr =3
1 —1 1
1 0 -1

Xy = |2 Yyo=1|x5=|-2||ys=2|x3=1]0 ys =3
0 —1 2
1 —1 —1

x3=| 1 ys=1|x6=|—-1]|ye=2|%Xo=|—-1|[|y=3
—1 —1 1

Some general values we will need:

_ X1 + Xg + X3 1
0
- X4t X5Xe 04
e T O
—1
- X1t Xgt+Xg
3:—:
X 3 2
3
1 1
Xi—X= |5 X%-Xs=|—3
1 7
3
a) (5P) To find W, we have:
0 0 0
X1-X1=|—3| . Xe—X1= 3| ,Xs—%X1 = | —3
1 0 -1
1 0 -1
Xg—Xg= |3 |, xs —Xa=|-53]|,X—Xa=| 3
0 0 0
x|
X1: Xg
X3
X
X2: Xg
X
000
XTElez Z(XI—X1)<X1—§1) =10 % 0
iyi=1 00 2



2 00
XgEQXQZ Z (XI—X2)(Xi—f2) = 0 % 0
By =2 0 0O
Hence:
9 2 00
W= X/EX;=|0 5 0
=1 0 0 2

b) (3P) Find the Fisher’s linear discriminant rule for the vectors x; with labels y; = 1 and
y; = 2. Explain each step.

e Find the matrix B and W. First we find the total mean for y; = 1, 2:

1
) 1
x = =X |
6 _1
2
1 121
421 1 4 1 % 136 %
@ -0 -0)"={3]G 5 3)=|; ¥ 3
i g i
2 4 3 4
1 121
_ 421 1 4 1\ % 136 %
e b LS e IR R O
—3 i3 1
Hence: ; .
2 o[22
B=)3x-X)&x-x)"=|4 2 4
=1 3 3
2 4 2

e Find the eigenvector of W™'B corresponding to the largest eigenvalue: Therefore :

% 0 0
W=1(0 3 0
00 3
(i 2 g
W'B=|3 8 3
123
a1X
As it can be seen, the matrix W~'B has the form | asx | and therefore its
a3x
a7
eigenvalues are given by (0,0, tr(W™'B)) and its top eigenvector is given by | ay
Qs
1
Therefore the discriminant vector a is given by | 4 | which is the eigenvector for
1

A=9.5.

e Based on a, allocate x to Cy if a’ (x — (X1 + X2)) > 0, which is:

O

(14 1)(x- ) >0

N[



Another way:

e For two-classes, we have:

0.5
a=Wlx-%)=|2
0.5

and the discriminant rule is given by a’(x — (X1 4+ X2)) > 0, which is:

(05 2 05)(x— 0 ) >0

1

5.

c) (4P) The maximum likelihood estimation of the expected values, denoted by /iy, fis, /i3,
is given by X;,Xs,X3 calculated above.

d) (5P) The maximum likelihood estimation of the covariance matrix, 3, is given by %
where:

3
W = Z X EX,.
=1
n is equal to 9 in this problem. We need only to find XIE;Xs3:

000
Xg:E:J,Xg: Z(Xi—ig)(xi—fg)T: 0 2 O
1y, =3 0O 0 %
Then:
A 1 2 0 0
¥=510 20
00 §

e) (3P) To find 3, we use its ML-estimation which is tW found using only those vectors
with label 2 and 3.

4 (200
2:6030
00 2

f) (5P) The ML rule allocates x to the class C if
aT(X - ﬂ) > O)

where a = 371y — /ip) and p = (/i1 + fi2). The estimations /iy and /i, are available
from the previous problems. Finally:

And then : o’ (x — (X3 + X)) > 0, which is:






Problem 4. (25 points)
(25P)

a) (3P) bis given as —1a” (x; + x2) = 3.

b) (4P) Supporting vectors are those with A; # 0, which are x3, X3, X4, X5.

’ X, ‘ Yi ‘ A H X ‘ Yi ‘ A ‘

1 0.5
1) Y1 = -1 /\1 =0 X4 = (_05> Yg = 1 /\4 =4.73

X9 = (g) Yo = —1 )\2 = 0.67 X5 = (_12> Ys = 1 )\5 =0.94

0 0
X3:<O> y3:—1 /\3:5 X6:<_1> y6:1 )\1:0

c) (6P) For those vectors, the normal vector of the hyperplane is obtained as:

6
a= Z AiYiXi = AayaXa + A3ysX3 + AayaXy + AsysXs
i=1

a= =007 (5) -5 (5) +273(55) wose () = (B55)

To find b, take two support vectors x; and x; with y, =1 and y; = —1 with 0 < A < 5.
For these support vectors, we have y;(a’x; + b) = 1. Hence:

o Tl _ 1 2 2\, 143
b* = - a (xk +x;) = —5 (—0.86 —1.43) (<0> + ( 1 )) =5 = 0.715. (1)
d) (6P)
Suppose that a kernel is given by K(x,y) = (2xTy +1)? for x,y € RP. Write the kernel
as

K(x,y)=2x"y +1)* = (ZZp:xiyi +1)2

=1

p p
=4> 2yl +8 > wmimjyiy; +4) wyi+ 1,
i=1 i=1

1<i<j<p

therefore ¢(x) can be written as:

p(x) = (223, ..., 2:612), 221, ..., 21, 1, V81119, V8123, . . ., \/gxp_lxp).

) _ (p+1)(p+2)

ensi . p(p—1
The dimension of feature space is p +p + 1+ =5 5 .

e) (3P) The Kernel calssifer replaces the inner product in dual problem:

& 1
max Z/\Z — 5 Zyiyj/\i)\jK<Xi7Xj)
i=1 1,j

i=1



For the proposed K we have:

max Z i — Zyzy])‘ Aj exp(—lx: — %1%
i

Z Aiyi = 0.
i=1
f) (3P) From this optimization problem, the vector ¢(a) in the feature space is obtained

as: .
=Y Awio(x).
i=1
and for two vectors with vy, =1 and y, = —1 and 0 < \.
* —1 \T
b = 7¢(a )" (o(xk) + o(x1))

Z (o(xx) + &(x1))

i=1

PR

=1

7 2 iYi®
1 n
— 7 Z zyz z Xk) + Qb(xz) ¢(Xl))
21 yz X,,Xk) +K(X17Xl))

The kernel classifier is given as:

pa)fp(x)+b*>1 = xc(

p(a)lp(x) +b* < -1 = x €y

where

Z )\'Lyz Xza



