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Problem 1. (Properties of Positive Definite and Non-negative Definite Matrices) Let M €
R™*™ be a matrix. Prove the following statements.

a) If M is non-negative definite, then for every vector x € R™ it holds that x"Mx > 0.

b) If M is positive definite, then for every vector x € R", x # 0, it holds that x’Mx > 0.

Problem 2. (Matriz Loewner Ordering Properties) Let V and W be two n X n non-negative
definite matrices, such that V = (v;;) < W = (w;;), with the eignevalues as:

e M(V) > o> A(V),
e M(W) > o> (W)

Prove the following statements.

a) (V)< N(W), fori=1,...,n
b) v <wy, fori=1,....n

c) v + ;5 — 20 < wy + wj; — 2w
d) tr(V) < tr(W)

e) det(V) < det(W)

Problem 3. (Properties of Spectral Norm) Spectral norm of a symmetric matrix M is given
by p(M) = max |A,|.

1<i<n

a) Show that p(M) is not a norm for non-symmetric matrices.
(Hint: show that p(A) = 0 does not imply A = 0)

b) For a general matrix M, not necessarily symmetric, show that | M| > p(M) where
Il is the Frobenius norm.



