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Solution of Problem 1
Note that for any random variable Y = g(X) the expectation E(Y) = E(g(X)) is defined by

Zg(%‘)px(wi) ) if X is discrete,
B(Y) = / g(x) fx(x)dx, if X is continuous. (1)
supp{X}

Because of the linearity of both operators (sum and integral), it follows that:

a)
E(AX +b) =Y (Awm; + b) px(w;)
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linearity
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definition
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= xE(X)+eyB(Y),
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E(XY) = Z x; Y px,v(Ti, yj)
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Note that the covariance Cov(X,Y) between two random variables X and Y is defined by
E ([X - EX)|[Y - E(Y)]H) while the covariance matrix of the random variable Z is given
by Cov(Z, Z) or in simple notation Cov(Z). Hence, this leads to

d)

Cov(AX +b) = Cov(AX + b, AX + b)
= E([AX +b-E(AX +b)|[AX +b— E(AX +b)")

definition

—E([AX + b AE(X) - b[AX + b~ AB(X) - b]")

= EB(A[X - E(X)][X - E(X)"A")

apply brackets

S AE (X - B(X)|[X — E(X)") A"
= ACov(X)A",

definition
e) Similarly to the proof in d)

Cov(ex X +eyY)=E ([ex X +evY —B(ex X +oyY)][ex X +ev Y —E(ex X +¢yY)?)

=E ([ex X +oyY —ex B(X) —cy B(Y)][ex X 4oy Y —ex B(X) —cy E(Y)]")
=E ([ex(X —E(X))+ey (Y =E(Y))][ex (X —E(X))+ey (Y =E(Y))Y)

=E (Jex|’[X —E(X)][X —E(X)]"+|ey P[Y —=E(Y)][Y —E(Y)]"

+ex A [ X —E(X)|[Y —E(Y)["+ey R [Y —E(Y))[X —E(X)]")

=lex|* Cov(X) + [ey|* Cov(Y)

+E (ex A [ X —E(X)|[Y —E(Y)"+oy R Y —E(Y)]|[X —E(X)]")

=|cx|? Cov(X) + |ey|* Cov(Y)

+ex A E (X —EB(X))E(Y —E(Y)! 46y dLE (Y —E(Y))E (X —E(X))"
=|cx|? Cov(X) + |ey]* Cov(Y)

+exey [B(X) —E(X)] [E(Y)—E(Y)]" +ev ey [E(Y)—E(Y)] [E(X —E(X)]"

= |ex]? Cov(X) + [ey|* Cov(Y) .

Solution of Problem 2

The density of a normal distribution is given by

(o) = e exp(—3 (@ — )2 (@ — p))




The mean can be calculated by

BX)= [ @fx(@)de
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The covariance can similarly be calculated by
COV(X) deﬁition / [fE o u] [w - I’I’]T fX<w> dx
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Now consider the Choleski decomposition of 3 by ¥ = MTM. Notice that M is invertible
and it holds that |X| = |MT||M| = |M|*>. So the Jacobian of the transformation z = My
is equal to |M| and is positive. Note the identity MT = M~!. Hence, the above equation
becomes

1
Cov(X) = ——— / / / MﬁlzzTMexp(—%sz) M| dzy dzs - dzy
y:M—lz (27r)n|2|_oo s s
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Solution of Problem 3

Since the number of variables in E(X; X5 X3X,X5) is odd, its solution is zero, i.e., E(X; Xo X3 X, X5) =
0.

For E(X;X2X3X,) we need to sum up over all permutations 7 of two random variables.
Hence, it leads to

B(X1 X X3X,) = E(X,X2) E(X3X4) + BE(X1 X3) E(XoXy) + E(X1 X)) E(X2X;)
= Y9234 + 213204 + X1 4203

For E(X?X32) we rewrite it as E(X;X; X5X5X5X5) and use the Isserlis’ Theorem to obtain

E(X1 X1 X5X5X5X5) = 3E(X1X,) E(X5X5) E(X5X5) + 12 E(X1 X5) E(X X5) E(X5X5)
— 321’12;5 + 122%7525’5

By Isserlis’” Theorem, all higher moments of a sequence X, Xs,..., X, can be calculated
by the aid of the covariance entries. This shows that all higher moments of the normal
distribution are dependent to the second order moments. Thus, higher order moments cannot
contain more information compared to the information included in the second order moments.



