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Solution of Problem 1
Note that for any random variable Y = g(X) the expectation E(Y) = E(g(X)) is defined by

> g(xi) px (@) , if X is discrete,
E(Y) = [ g(x) fx(x)dz, if X is continuous (1)
supp{X}

Because of the linearity of both operators (sum and integral), it follows that:

a)
E(AX +b) = (Az; + b) px(x;)

)

— AZmipX(:vi) + bZPX(fBi)

linearity
—  AB(X)+b,
definition
b)
E(cxX + YY) = Z(CX%‘ +ceyy;y) pxy (@i, yj)
4,
lin&?rity €x Z L pX’Y(xi7 yj) +cy Z Y;j pX,Y($7,’, y])
i,J i,j
indep;dency €x Z Li pX(ml) py(yj) +cy Z Y;iPx (mz) pY(yj)
Y] i,j
sepaition €x ZwlPX(ml) ZPY(y]) + oy ZpX(wl) Z Y;j pY(yj)
g J i j

= Cx ZmipX(mi) + CYZyij(yj)
i J

unitary

= Cx E(X) +CY E(Y) s

definition

E(XTY) = Z sc? Y; px.v (i, yj)

/L‘?j

= ZZm;F y; px (i) py (Y;)

independency P

_ <Z z; pX(wi)>T ZJ: y; vy (Y;)

separation

= E(X)TE(Y).

definition



Note that the covariance Cov(X,Y) between two random variables X and Y is defined by
E ([X - EX)|[Y - E(Y)]H) while the covariance matrix of the random variable Z is given
by Cov(Z, Z) or in simple notation Cov(Z). Hence, this leads to

d)

Cov(AX +b) = Cov(AX + b, AX + b)
= E([AX +b-E(AX +b)|[AX +b— E(AX +b)")

definition

—E([AX + b AE(X) - b[AX + b~ AB(X) - b]")

= EB(A[X - E(X)][X - E(X)"A")

apply brackets

S AE (X - B(X)|[X — E(X)") A"
= ACov(X)A",

definition
e) Similarly to the proof in d)

Cov(ex X +eyY)=E ([ex X +evY —B(ex X +oyY)][ex X +ev Y —E(ex X +¢yY)?)
=E ([ex X +oyY —ex B(X) —cy B(Y)][ex X 4oy Y —ex B(X) —cy E(Y)]")
=E ([ex(X —E(X))+ey (Y =E(Y))][ex (X —E(X))+ey (Y =E(Y))Y)
=E (Jex|’[X —E(X)][X —E(X)]"+|ey P[Y —=E(Y)][Y —E(Y)]"
+ex A [ X —E(X)|[Y —E(Y)["+ey R [Y —E(Y))[X —E(X)]")
=lex|* Cov(X) + [ey|* Cov(Y)
+E (ex A [ X —E(X)|[Y —E(Y)"+oy R Y —E(Y)]|[X —E(X)]")
=|cx|? Cov(X) + |ey|* Cov(Y)
+ex A E (X —EB(X))E(Y —E(Y)! 46y dLE (Y —E(Y))E (X —E(X))"
=|cx|? Cov(X) + |ey]* Cov(Y)
+exey [B(X) —E(X)] [E(Y)—E(Y)]" +ev ey [E(Y)—E(Y)] [E(X —E(X)]"
= |ex]? Cov(X) + [ey|* Cov(Y) .

Solution of Problem 2

The multivariate normal (or Gaussian) distribution of a random vector Y € RP has the

following pdf:
1

1 Ty—1
fY(Y):WWGXP{—Z(Y—M) X (Y—M)},
where y = (y1,...,4,)7 € RP, and the parameters: p € R?, ¥ € RP*?| where X > 0.

a) In our case we have that p = 2, yielding

Fely) = e {50 - W=y~



We start by calculating the determinant of ¥ € R?**? as |X| = oio3 — oio3p® =
0202(1 — p?). This leads to |X|'/? = 0109/1 — p? and

2_1 1 O'% —pP0102 '
0202(1 — p?) |—poroa  OF
Finally, we calculate
1 _
—S-w'Ey - )
. 1 Og —pP0102 ( )
20703 (1 — p?) [(yl i) (2 'UQ)} [—/)0102 o (y2 — Mz)

/\/‘\

~ 202031 — p?) o1 (y2 — p2) — po1oa(y

_ 03(y1 — 11)* + 03 (y2 — p2) — 2p0102(y1 — 1) (Yo — pia)
20f03(1 — p?)

_ 1 (1 —m)® | (e —p2)?® o (1 — ) (Y2 — )
= 0 l 5—— + 5 2p ] ;

01 03 0109
this gives us the final expression for fy(y) as

(QW)Ulaim exp {2(1 i 7 [(91 —2M1)2 i (12 —2M2)2 . 2p(y1 — 1) (2 — M2)] } .

07 g5 01029
b) From the definition of g and 3 we directly get Y7 ~ N(u1,01) and Yy ~ N(pz, 09).

1 (1= m) (02 = )] lag(yl b m;]

fx(y) =

c) As stated in theorem 3.5 of the lecture’s script, the conditional density fy, (y1|y2) is
given by the normal distribution fy, (y1|y2) ~ N(p1)2, X1j2), where g is

fije = p1 + Y1255 (Y2 — piz)
=+ (P0102)(1/U§)(y2 — p2)
= p1+t ,0 (yz f12)
and Xy is
Yip =21 + Y1235 o

= 0% + (po102)(1/03) (poros)
=0} +ploi = of(1—p?).

Solution of Problem 3
We have that X ~ fx(z) where

Ae™ x>0
fX(x,)\)—{ 0 <0 for A > 0.
a) From the definition of the log-likehood function we obtain
A) =) logf(zi; A) = Zlog)\e_)‘x" =) logh — Az; = nlogh — A _z;,
= i=1 i=1 i=1

with support z; € (0,00) for alli=1,...,n



b) In MLE, the estimate ) is obtained by solving

A = arg max l(x,\) = arg max nlog\ — A ;xz .

Then, to find the A that maximizes /(x, \) we take the partial derivative % (x, A) and
set it to zero. This leads to

0 1 n 1 1
T, N) = n =Sy = A=
B (x, ) 3 Zzzlx 0 = % T

Therefore, A = T Z}L — is the MLE of A.




