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Solution of Problem 1

a) The first step is to formulate the Lagrangian function:
Ax,A) =c"x + AT(Ax —b) = (c + ATA)'x — A\"b
A is Lagrange multiplier. Next step is to find Lagrange dual function:

ATb ¢+ ATA=0

xER™ —00 otherwise.

g(A) = inf A(x,A) = {

Therefore the dual problem can be written as:

max — b\
st. ATA+c=0
A=0

b) Again, the first step is to formulate the Lagrangian function:
A(x,A) = x"Bx + AT (Ax — b)
Next step is to find Lagrange dual function:

g(A) = inf A(x,A)

x€R™
Using derivation with repsect to x, we have:

0 1

—A(X,A) =2Br + AT\ = x=--B AT\

Jx 2

Having this solution (verify that it is the minimum point indeed), the Lagrange dual
function is given by:

g(A) = iATABlAT)\ + AT(—;ABlAT)\ —b) = —iATABlATA —A"b

Therefore the dual problem can be written as:

1
max — 1>\T./st—1AT>\ A
st. A>=0



c) Again, the first step is to formulate the Lagrangian function:
Ax,v) = [Ix], + " (Ax — b)
Next step is to find Lagrange dual function:
g(v) = inf A(x,v)

x€eR”

A related optimization problem can be written as:
. T
inf x|, +a"x.
Consider the Holder’s inequality:
Ixll,llall, > [a"x| > —a'x,

if %Jr% = 1. Note that if ||a||, < 1, then [x||,+a’x > 0 and therefore infy ||x||,+a’x =
0.
Now suppose that ||a||, > 1. See that if x = —t(a1|a1]772,. .., ay|a,|??) for some t > 0,
then we have:

[l +a%x = tali™" —tlall§ = t(lall;" —[lallf)-
Since ||al|, > 1, the above expression is strictly negative and can be arbitrarily small
when t — oo.

Applying the above result, the Lagrange dual function is given by:

—v'h ||AT1/Hq <1

—00 otherwise.

g(v) = inf A(x,v)= {

xER™

Therefore the dual problem can be written as:

max —v'b
st. |[ATy|, <1

Solution of Problem 2

a) The first step is to formulate the Lagrangian function:

1 n
A(a,b,E,a,/\):§Ha||2+c§ & — E Nlyi(@Tx; +b) — 14+ &) — E &,
i=1

=1
where \;, a; > 0 and we know that y; =1 or —1.

Next step is to find Lagrange dual function:
g A a)=inf A(a,b & a,)

£,acRm beR
Taking the derivation with respect to these parameters lead to:

0

%A(a) b7 67 «, A) =0 = a= Z AZyZX'L

=1



O Aab & X)) =0 = 0= Ay,

9b i=1
0 .
a—SA(a,b,é,a,)\):() = c=N+aqa i=1,...,n

Using these assumptions, the dual problem can be written as:

n 1
max Z )\7, — 5 Z yiyj)\i)\szrxj
i=1 i
st. 0< )\ <c¢

i=1

b) Take two support vector x; and x; with y, = 1 and y; = —1. Those support vectors
are those with 0 < A < ¢. Then since for support vectors we have y;(a’x; +b) = 1, we
have:

-1
(@ax,+0) = —(a'x, +b) = b= Ta*T(Xk +x;) (1)

In litterature, somethimes an average is calculated over all support vectors for better
robustness.

Solution of Problem 3

a) bis given as —ia’ (x; +x3) = 3.

b) Supporting vectors are those with ; # 0, which are xs, X3, X4, X5.

’ X ‘ Yi ‘ Ai H X ‘ Yi ‘ Ai ‘
X = (}) y1=—1 A =0 X4 = _0055> Ys = 1| A=473

Xy = <2> Yo =—1 X =067]| x5= (‘f) ys =1 | As =0.94

0 0
XS:(O) y3:—]_ /\3:5 X6:<_1) y6:1 Ar=0

c) For those vectors, the normal vector of the hyperplane is obtained as:

6
a= Z AiYiXi = AaYaXo + A3yzX3 + Aa¥aXs + AsYs5Xs
i=1

am 067 (2) <5 () 4 () won () = (205)

To find b, take two support vectors x;, and x; with y, =1 and 3y, = —1 with 0 < A < 5.
For these support vectors, we have y;(a’x; + b) = 1. Hence:

b = _21a*T(xk +x)) = —; (—0.86 —1.43) ((3) + <_12)) = 1';13 =0.715.  (2)



