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Solution to Exercise 30.

Prove Euler’s criterion: Let p > 2 be prime, then

c ∈ Z∗
p is a quadratic residue (QR) modulo p⇔ c

p−1
2 ≡ 1 (mod p).

”
⇒“ c is QR modulo p with Definition 9.1 it follows

∃x ∈ Z∗
p : x2 ≡ c (mod p)⇒ c

p−1
2 ≡ (x2)

p−1
2 ≡ xp−1 ≡ 1 (mod p),

where the last congruence follows from Fermat’s Theorem.

”
⇐“ c

p−1
2 ≡ 1 (mod p) ⇒ c ∈ Z∗

p as c has an inverse modulo p.
Let y be a primitive element (PE), i.e., y is a generator of Z∗

p. Note that there
exists a PE with respect to Theorem 7.2 a).

⇒ ∃ j : c ≡ yj (mod p)

⇒ c
p−1
2 ≡ (yj)

p−1
2 ≡ 1 (mod p)

⇒ p− 1 | j(p− 1)/2⇒ j must be even

⇒ ∃ x ∈ Z∗
p : x ≡ y

j
2 (mod p)

⇒ x2 ≡ yj ≡ c (mod p)

⇒ c is QR modulo p


